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ABSTRACT
Design of slow light modes in photonic crystal ring
resonators
Kathleen McGarvey-Lechable
This work explores the optical properties of a photonic crystal ring resonator (PhCRR), a device
consisting of a microring resonator upon which a photonic crystal structure is superimposed.
Due to the periodic dielectric structure of the PhCRR, the gradient of the device’s dispersion
curve approaches zero near the photonic band edge, resulting in enhanced light-matter coupling
and quality factors due to the low group velocity of the resonant modes. In order to fully
exploit the “slow light” characteristics of the PhCRR, a design approach is used which allows
for the selection of band edge resonant modes. A frequency domain computational approach
models the dispersion of a periodic silicon photonic crystal waveguide. Boundary conditions are
then imposed on the waveguide, ensuring the phase matching of propagating electromagnetic
waves and the discreteness of the number of lattice cells in the ring. Through proper selection
of design parameters, these geometric constraints return a set of resonant modes which fall
precisely at the photonic band edge. Finite-diﬀerence time-domain simulations yield the ﬁeld
energy densities of the individual resonant modes of the PhCRR, with calculated quality factors
greater than 107. The spectral features of the PhCRR and the eﬀect of geometric disorder are
explored. Finally, a design proposal for the silicon-on-insulator fabrication of on-chip photonic
crystal ring resonators is discussed.
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The electronic circuit has dominated the landscape of modern industry, paving the way for the
emergence of revolutionary technologies such as the computer and the smart phone. However,
the rapidly approaching limitations of electronic circuitry has opened the ﬁeld for new innova-
tions. In particular, increasingly high speed data transmissions over distances greater than 100
m are severely restricted due to the attenuation of data signals in electronic circuits. This limit-
ing feature of electronic components has proven to be one of the main motivators for advancing
the ﬁeld of photonic signal processing.
Photonic circuits utilize the photon, rather than the electron, for information transfer, pro-
cessing, and detection [1]. To date, the most prevalent photonic device in use is the ﬁber optics
cable. A ﬁber optics cable is composed of optical ﬁbers, which employ a refractive index contrast
between the core and outer cladding layer to guide light along the length of the core. Optical
ﬁbers are capable of high speed transmissions of data on the order of 1 GB/s or greater over
long distances with very little signal attenuation [2]. This disruptive technology has revolution-
ized the telecommunications industry and has demonstrated the future potential for growth of
photonic devices in other ﬁelds. However, the proliferation of photonic circuits currently faces
several fundamental obstacles, including:
1. Regulation of light ﬂow in integrated photonic circuits:
Photonic devices must oﬀer a high degree of control over the propagation of light waves.
1
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One photonic device which has shown particular promise in this respect is the microres-
onator. A microresonator is a photonic cavity whose dimensions are on the order of the
wavelength of light [3]. Scaling of the microresonator’s physical proportions allow the
resonators to operate at a wide range of diﬀerent frequencies.
2. Miniaturization and integration of photonic devices:
In order for optical signal processing to contend with existing electronic circuit technolo-
gies, optical devices must be designed so as to allow for the miniaturization of on-chip
photonic circuits. Furthermore, fabrication platforms must be found which facilitate the
integration of photonic devices into low cost, mass reproducible circuits. One solution
to these obstacles is to build upon current manufacturing technologies employed for the
fabrication of electronic circuits.
Ensuing the dedication of substantial research and monetary resources to the optimization of
electronic circuit fabrication, silicon manufacturing has emerged at the forefront of the current
electronics industry. Transferring silicon manufacturing technologies to the photonics industry
will allow us to capitalize on well-developed fabrication techniques already in place. In particu-
lar, the silicon-on-insulator (SOI) platform has shown considerable promise for the fabrication
of integrated photonic circuits. The SOI platform utilizes a silicon microchip with a substrate
layer of silica, upon which a thin layer of silicon is deposited. The high refractive index contrast
between the thin silicon layer and its neighbouring silica layer allows for the miniaturization of
optical features up to the sub-micron scale. Additionally, the SOI platform is compatible with
current fabrication industry standards, allowing for the low cost, high throughput fabrication
of reproducible photonic circuits. Most importantly, current telecommunications technologies
utilize silicon and silica as the primary materials for the construction of optical ﬁbers. Utilizing
the SOI platform for the fabrication of photonic devices will facilitate the integration of photonic
circuitry with existing telecommunications technologies.
Telecommunications devices operate predominantly at a wavelength of 1550 nm, corresponding
not only to the transparency window of silicon but also to the lowest optical power attenuation
rates of silica [4]. Photonic components operating in this range of frequencies are of notable
interest due to their compatibility with said devices. Accordingly, the past few decades have
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seen an upsurge in research devoted to micron or sub-micron scale microresonators. Microres-
onators of this scale operate in the infrared region of the electromagnetic spectrum and are thus
congruent with telecommunications technologies.
One particular type of microresonator which has emerged as a fundamental component of in-
tegrated photonic circuits is the microring resonator. Similar to the optical ﬁber, a ring
resonator utilizes the refractive index contrast of its constituent materials to conﬁne an elec-
tromagnetic wave to its core. Under certain conditions, a propagating light wave in a ring
resonator will interfere constructively as it performs multiple circuits of the ring. As a result,
ring resonators allow for the buildup of high intensity, localized electric ﬁelds. This eﬀect can
result in strong interactions between the electromagnetic ﬁelds and the surrounding material.
Strong coupling between light and matter in a microresonator paves the way for the exploration
of quantum cavity electrodynamics phenomena [5], with applications in quantum information
technology [6]. Strong light-matter coupling can also facilitate the observation of optical non-
linear eﬀects [7, 8].
In addition, if a ring resonator possesses low optical losses, the spectral ﬁngerprint of the res-
onator will display particularly narrow resonances. Ring resonators exhibiting such features
have shown interesting potential for use as narrow-band optical ﬁlters [9]. A microresonator
allows for the selective optical power transfer of resonant frequencies from one port of a pho-
tonic circuit to another, eﬀectively extinguishing said frequencies from the input port of the
circuit [10]. Microring resonators possessing narrow spectral features have also proven to be
useful as sensitive bio-detection devices [11]. In recent years, ring resonators have been put to
commercial use for the detection of infectious diseases and various cancers [12].
The features of a standard ring resonator can be improved upon by tailoring the properties of
the resonator so that the velocity of a light wave is signiﬁcantly slowed as it propagates through
the resonator. Slow light is a phenomenon which has proven particularly interesting in recent
decades. Speciﬁcally, slow light electromagnetic waves in microresonators have been shown to
have enhanced light-matter interactions and low optical losses. Thus, the generation of slow
light characteristics in ordinary ring resonators stands to improve upon the existing technologies
already discussed.
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Slow light can be introduced into a system in one of two ways [13]. Designer materials can be
utilized, which have been tailored to slow light waves as they propagate through the material.
However, a more versatile approach is to control the velocity of light via geometric structur-
ing alone. Such a technique allows slow light characteristics to be introduced into commonly
used materials, such as silicon, which are readily available and easy to work with. The most
promising approach in producing slow light electromagnetic waves is via use of a photonic
crystal (PhC). A photonic crystal possesses a periodic dielectric structure in one or more di-
mensions. Interaction of the light wave with the multiple dielectric interfaces formed by the
periodic structure of the material can result in a reduction of a light wave’s velocity.
The interesting spectral features of ring resonators can be merged with the properties of slow
light devices by superimposing a photonic crystal structure onto a standard ring resonator to
form a photonic crystal ring resonator (PhCRR). The core of this thesis will be committed
to exploring how photonic crystal ring resonators can be designed so as to enhance light-matter
interactions and lower optical losses of the resonator. The following three chapters are dedicated
to laying down a theoretical foundation describing the characteristics of microresonators, pho-
tonic crystals, and slow light electromagnetic waves. A novel design approach allowing for the
precise selection of slow light resonant modes is then presented, followed by a chapter dedicated
to the computational veriﬁcation of the validity of the design. The SOI fabrication of photonic
crystal ring resonators is explored in Chapter 7, followed by a concluding discussion on future
applications and research in the ﬁeld.
Chapter 2
Dielectric waveguides and ring
resonators
Microresonators rely on two main mechanisms in order to control the propagation of electro-
magnetic waves [3]. The ﬁrst depends on reﬂection of the wave from a boundary formed by
the interface of two dielectric materials, a process which is dictated by the law of total internal
reﬂection. The second means by which to control the propagation of light is via periodic pat-
terning of the dielectric material used to construct the microresonator. This chapter is devoted
Figure 2.1: (a) Total internal reﬂection at a dielectric interface. (b) A periodically patterned
dielectric structure.
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to developing a deeper comprehension of total internal reﬂection and the two main types of
microresonators which employ this process; the dielectric waveguide and the ring resonator.
2.1 Total Internal Reﬂection
To fully understand total internal reﬂection, we start by examining the behaviour of an elec-
tromagnetic wave at a dielectric interface. At the boundary between two materials of refractive
indices n1 and n2, a portion of an incident wave is partially transmitted through the interface,
while the remaining portion of the wave is reﬂected. In order to precisely determine the angles
at which the transmitted and reﬂected ﬁelds will propagate, one must apply Snell’s law [14].
n1 sin(θR) = n2 sin(θT ) (2.1)
where θR and θT are the reﬂected and transmitted angles, respectively.
Figure 2.2: Reﬂection and transmission of an incident electromagnetic wave at a dielectric
interface, as dictated by Snell’s law.
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If the wave is traveling from a high refractive index material to a low refractive index material







will be totally internally reﬂected at the interface. In such cases, no energy ﬂow is allowed
to traverse the dielectric interface but, rather, is strictly conﬁned to the high index material.
It can thus be stated that the intensity of the incident and reﬂected electromagnetic waves are
equivalent [15]. More precisely, the amplitudes of the incident and reﬂected electric ﬁelds can
be related by:
|EI |2 = |ER|2 (2.2)
While the intensities of the incident and reﬂected waves are invariant upon reﬂection from the
dielectric interface, the wave will experience a phase shift. This change in phase, known as the










Despite the fact that the energy of the electromagnetic ﬁeld is completely reﬂected at the
dielectric interface, an electromagnetic wave can be found in the lower refractive index material.
The transmitted wave, known as the evanescent ﬁeld, will propagate parallel to the surface of
the interface, with an exponentially decaying amplitude which will attenuate to negligible values
within a few wavelengths of distance from the boundary (see Appendix A for more details).
2.2 Dielectric Waveguides
A dielectric waveguide is a microresonator which utilizes total internal reﬂection to guide light
and energy in a speciﬁed direction. A waveguide is formed by interposing a ﬁlm of material of
1The deﬁnition of Φ is to be applied solely to ﬁelds whose electric ﬁeld is perpendicular to the direction


















Figure 2.3: A dielectric waveguide composed of a ﬁlm of high refractive index material, nf ,
surrounded by low index cladding and substrate materials.
refractive index, nf , between a substrate and cladding material, of refractive indices ns and nc
respectively (see Figure 2.3).
In order for an electromagnetic wave to be “guided” through the ﬁlm, we must require that
nf > nc and nf > ns. Once the materials utilized to construct the dielectric waveguide have













The ﬁrst, θC1 , is deﬁned as the minimum incident angle required for an electromagnetic wave to
be totally internally reﬂected from the ﬁlm/cladding interface, while θC2 describes the analogous
incident angle for the ﬁlm/substrate interface.
Three diﬀerent types of modes can be described in a dielectric waveguide (see Figure 2.4). A
radiation mode describes an electromagnetic wave which is transmitted from the substrate
into the ﬁlm, but fails to strike the ﬁlm/cladding interface at an angle exceeding the critical
angle, θC1 . Consequently, a portion of the energy transport of the wave is necessarily transmitted
through the interface where it will be lost to the cladding material.
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The second type of mode satisﬁes the critical angle condition for the ﬁlm/cladding interface,
however strikes the ﬁlm/substrate interface at an angle of incidence less than θC2 . Similar to a
radiation mode, the energy density of the light wave will leak into the substrate material and
is thus known as a substrate mode.
Finally, a guided mode is an electromagnetic wave whose incident angles at both the ﬁlm/sub-
strate and ﬁlm/cladding interfaces exceed the critical angles deﬁned in Eq. (2.4). In this case,
the wave is totally internally reﬂected along the length of the ﬁlm’s core, conﬁning the energy
transport of the ﬁeld to the high refractive index material. The greater the contrast between
the refractive index of the ﬁlm and its surrounding materials, the greater the conﬁnement of
the propagating wave. As was stated in Section 2.1, ﬁnite, exponentially decaying evanescent
waves will be found in both the cladding and substrate materials.
Guided modes traveling through a waveguide can either propagate along the length of the high
index ﬁlm’s core (deﬁned here in Figure 2.3 as the +zˆ-direction) or in the opposite sense. The
direction of propagation of the wave is determined by its wave vector, k = 2πλ rˆ, whose magni-
tude quantiﬁes the phase change of the electromagnetic wave per unit length of propagation.
Depending on the phase diﬀerence between the two counter-propagating waves, the ﬁeld pat-
terns will constructively or destructively interfere. In the case of constructive interference, the
superposition of the two waves results in a standing wave ﬁeld pattern of the guided modes in
the xˆ−direction of the waveguide.
The standing wave ﬁeld conﬁgurations depend on several diﬀerent factors. Consider a single
point on the standing wave form which is oscillating between the +xˆ-direction and the -xˆ-
direction. As discussed in Section 2.1, when a wave is totally internally reﬂected at the ﬁlm/-
cladding interface, the wave will undergo a phase change, ΦC . Similarly, a wave will undergo a
second phase change, ΦS , upon total internal reﬂection from the ﬁlm/substrate interface. The
wave will also experience a phase shift as it propagates the distance between the cladding and
substrate interfaces. The total phase change experienced by the wave is thus given by:
Φtotal = 2|k|nfh cos θI − 2ΦC − 2ΦS (2.5)
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(a) A radiation mode: the electromagnetic wave strikes the cladding/ﬁlm interface
at an incident angle less than the critical angle θC1 .
(b) A substrate mode: the electromagnetic wave is totally internally reﬂected at
the cladding/ﬁlm interface. However, the incident angle of the wave at the ﬁlm/-
substrate interface is less than the critical angle, θC2 , required for total internal
reﬂection.
(c) A guided mode: the electromagnetic wave’s incident angles at both the
cladding/ﬁlm and ﬁlm/substrate interfaces satisfy the conditions required for to-
tal internal reﬂection. The wave is accordingly guided along the length of the ﬁlm’s
core.
Figure 2.4: Three diﬀerent electromagnetic waves in a dielectric waveguide
Chapter 2. Dielectric waveguides and ring resonators 11
where h is the thickness of the waveguide and θI is the incident angle of the wave. In order for
constructive interference to occur, we must require Eq. (2.5) to satisfy the following condition:
2|k|nfh cos θI − 2ΦC − 2ΦS = 2πm (2.6)
wherem is a positive integer. Equation (2.6) deﬁnes a discrete set of incident angles which satisfy
the phase matching requirement for a propagating guided mode. Consequently, only waves
incident on the waveguide with an angle, θI , belonging to this set may propagate through the
waveguide. Alternatively, waves possessing incident angles falling outside the discrete spectrum
of allowable angles will be extinguished in the waveguide via destructive interference.
Each integer valuem satisfying Eq. (2.6) characterizes a guided mode of the dielectric waveguide.
The fundamental mode of a waveguide corresponds to the wave possessing the mode number
m = 0. This electromagnetic wave will have the lowest frequency of any guided mode allowed
by the waveguide. One can also see from Eq. (2.6) that as the thickness of the ﬁlm, h, increases,
an increasing number of values of m will satisfy the phase matching condition. A waveguide
which allows for numerous guided modes to propagate through the ﬁlm material is known as a
multi-mode waveguide. The electromagnetic ﬁeld conﬁguration of a multi-mode waveguide
represents the linear combination of several ﬁeld conﬁgurations corresponding to various diﬀerent
mode numbers. It is often desirable to restrict the allowable guided modes of the waveguide to a
single mode (known, accordingly, as a single-mode waveguide). This result can be achieved
by limiting the thickness of the ﬁlm so that only a singular mode number satisﬁes Eq. (2.6).
In general, a waveguide is classiﬁed as single-mode when its thickness is on the order of half a
resonant wavelength [16].
As was brieﬂy mentioned in the introduction, an excellent example of a high index contrast
material platform is silicon-on-insulator. The index contrast between the silicon, the silica-
based insulating layer, and the surrounding cladding material (air or silica) allows for total
internal reﬂection of the wave through the silicon core. The index contrast also tightly conﬁnes
the ﬁeld to the silicon core, allowing for very small waveguide dimensions on the order of 400
nm or less.









(a) The geometry of a dielectric waveguide constructed on the SOI platform. A high refractive index
silicon core (nSI = 3.48) is placed on a SiO2 layer (nSiO2 = 1.44). The cladding material is generally
composed of silica or air (nair = 1.00). The high refractive index contrast between the silicon core and
the surrounding materials allows for very small core dimensions.
(b) The intensity, |Ey|2, of the fundamental mode of the silicon waveguide as a function of the horizontal
direction, y. Here we consider in-plane polarization of the electric ﬁeld. The high refractive index contrast
of the SOI platform results in strong conﬁnement of the electric ﬁeld to the silicon core.
(c) The intensity, |Ey|2, of the fundamental mode of the silicon waveguide as a function of the vertical
direction, x. Similar to the horizontal conﬁnement, the electric ﬁeld intensity is largely concentrated
in the high refractive index silicon core. However, the smaller dimension in the vertical direction, as
compared to the horizontal direction, results in higher optical losses.
Figure 2.5: The geometry and electric ﬁeld intensities of a silicon waveguide of core dimensions
400 × 200 nm on a silica substrate.
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Figures 2.5b and 2.5c show how the intensity of the electromagnetic ﬁeld is restricted in the
horizontal and vertical directions, while allowing for propagation along the length of the core.
It also demonstrates how the smaller the dimensions of the device, the more tightly the guided
mode is conﬁned to the silicon core. However, small core dimensions can also result in higher
optical losses, as can be seen in the mode proﬁle depicting the vertical conﬁnement of the guided
modes. The tails of the intensity curves are not restricted to the core but, rather, behave as
evanescent waves which will decay into the cladding material.
2.3 Chromatic Dispersion
Chromatic dispersion describes the dependency of an electromagnetic wave’s frequency on its
wave vector. As an electromagnetic wave propagates through a dielectric waveguide, it will
experience two diﬀerent types of chromatic dispersion.
A polychromatic electromagnetic wave packet traveling through the empty space of vacuum
travels at a velocity of c ≡ 3.00 × 108 m/s. Alternatively, the velocity of an equivalent wave
packet in a material of refractive index n will be altered as the propagating pulse interacts with
the constituent particles of the material. This velocity modiﬁcation varies for waves of diﬀering
frequencies, causing each component of the wave packet to propagate at diﬀerent velocities.
This eﬀect, known as material dispersion, depends on the unique composition of a material
and is discussed further in the following section.
An alternative, but equally impactful, type of chromatic dispersion is waveguide dispersion.
Waveguide dispersion describes how an electromagnetic wave interacts with the dielectric in-
terfaces of a waveguide. The geometric restrictions imposed by the non-homogeneity of the
waveguide’s composing materials can additionally alter the velocities of waves of diﬀerent fre-
quencies. Section 2.3.2 is devoted to further developing this concept.
2.3.1 Material Dispersion
We start our discussion on material dispersion by considering a plane wave in a homogeneous,
non-magnetic material [15]. The wave is linearly polarized along the +zˆ-direction, so that the
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complex ﬁeld amplitude of the wave can be described as E = (Ex, Ey, Ez) = (0, 0, Ez). We
consider the wave to be propagating in the +xˆ-direction with a wave vector k = (+kx, 0, 0).
The electric ﬁeld of such a wave is described as:
Ez(x, t) = Eze
−i(kxx−ωt) (2.7)
where ω is the angular frequency of the wave. We will now express the wave vector in terms of
a real and imaginary part [14]:




Plugging Eq. (2.8) into Eq. (2.7) yields:






Examining this equation, we see that the ﬁrst exponential function represents a propagating
plane wave, while the second term describes a decaying exponential function. This second term,
e−
αx
2 , quantiﬁes the rate at which the intensity of the electromagnetic plane wave decays. The
decay rate is determined by the imaginary part of the wave vector, α, and is most commonly
known as the intensity absorption coeﬃcient. This coeﬃcient is determined by the absorption
qualities of a particular material.
If we choose to neglect absorption losses of the material, we can consider only the real part
of the wave vector of the electromagnetic wave, β, known as the propagation constant. If we
reexamine Eq. (2.9) by setting α = 0 and dividing the argument of the exponent by β we ﬁnd:




We see immediately that the velocity of the propagating wave is quantiﬁed by the term ωβ . Thus,
deriving an expression for β will provide valuable information concerning the behaviour of an
electromagnetic wave in a non-absorptive and non-magnetic material.
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Eq. (2.13) tells us that the velocity of the wave is determined by the ratio of the speed of
light in vacuum to the refractive index of a material. Thus the refractive index of a material
quantiﬁes the rate by which the velocity of an electromagnetic wave is slowed by a material,
due to interactions with the constituent particles of the material. By examining Eq. (2.12)
we also see that the wave vector of an electromagnetic wave is related to its frequency by the
proportionality factor cn , deﬁned as the velocity of the propagating wave.
If the refractive index of the material is independent of wavelength, the dispersion relation de-
scribed by Eq. (2.12) is linear. A material possessing a linear dispersion relation is considered
to be non-dispersive, implying that every frequency of light traveling through the material will
travel at a constant velocity. For example, an electromagnetic wave packet propagating through
vacuum does not experience dispersion, as free space possesses a wavelength-independent re-
fractive index of n = 1. Thus, all electromagnetic waves traveling through vacuum will possess
the same velocity, c, regardless of the frequency of the wave.
However, if the refractive index of the material is wavelength dependent or, equivalently, wave
vector dependent (i.e. n = n(λ)) the dispersion relation of the material is decidedly non-
linear. The velocity of the wave now depends on wavelength, causing electromagnetic waves of
diﬀerent frequencies to propagate at diﬀerent velocities. Depending on the particular properties
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of the material, an electromagnetic wave packet will either spread out or compress as it moves
through the material. A material possessing a wavelength-dependent refractive index is known
as dispersive.
2.3.2 Waveguide Dispersion
We now turn our focus to an electromagnetic wave propagating through a dielectric waveguide.
The material can no longer be described as homogeneous, as the refractive indices of the ﬁlm,
cladding, and substrate must satisfy the condition nf > nc ≥ ns in order for wave guiding of
light to occur. The non-uniformity of the material seen by a guided mode results in a second type
of chromatic dispersion experienced by the propagating wave, known as waveguide dispersion.
As seen in Section 2.2, the individual geometric properties of the waveguide structure impose
certain conditions on a propagating light wave. The allowable modes of a waveguide are required
to have an incident angle belonging to a discrete set of values, as is deﬁned by Eq. (2.6).
In contrast, an electromagnetic wave propagating through a homogeneous material with no
restricting geometric features can possess an incident angle belonging to a continuous range of
incident angle values. Consequently, the propagation constant of a light wave moving through
a waveguide depends not only on the properties of the material, but on the allowable mode
proﬁles which are guided by the waveguide.





Here the material refractive index, n, has been replaced by the eﬀective refractive index,
neff , and λ0 is deﬁned as the vacuum wavelength of the wave in question. The eﬀective refractive
index describes the rate by which the speed of light is slowed by both the material and the
geometric properties of the waveguide. Not only will the propagating wave interact with the
constituent particles of the material, but will now also experience reﬂections oﬀ of the dielectric
interfaces formed by the geometric boundaries of the waveguide. If we apply the relation k0 =
2π
λ0
to Eq. (2.14), the eﬀective refractive index can be deﬁned as:





The eﬀective refractive index of a waveguide is most commonly determined through a computa-
tional approach. Once the geometry and composing materials of a waveguide have been deﬁned,
the mode proﬁles of the waveguide are calculated by numerical means. The wave vector of the
guided mode is then compared to the wave vector of the propagating wave in vacuum via Eq.
(2.15) to solve for the eﬀective refractive index.
2.4 Ring resonators
In addition to the waveguide, a second common photonic device utilizing total internal reﬂection
is the ring resonator. As in a waveguide, total internal reﬂection conﬁnes the light inside the
ring resonator, provided that the incident angle of the electromagnetic wave is larger than the
critical angle and that the refractive index of the core of the ring resonator is larger than that of
its surrounding materials. While in theory, total internal reﬂection can only truly occur when
the dielectric interface encountered by a propagating electromagnetic wave is perfectly ﬂat, in
practice a radius of curvature R > λ0neff is suﬃcient to appreciably reduce optical bending losses.
If phase matching of an electromagnetic wave in the ring resonator occurs, the light will con-
structively interfere in the resonator as it performs multiple circuits of the ring [17]. This allows
for the buildup of high intensity electric ﬁeld conﬁgurations at the resonant wavelengths, λm,
of the device. The phase shift of an electromagnetic wave traveling through the ring resonator
is described by:
Φ = k · neff · 2πR (2.16)
where R is the radius of the ring resonator. To ensure phase matching of the resonant mode, we
must require the overall phase shift experienced by a light wave in the resonator be restricted
to integer values of 2π:
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Figure 2.6: A ring resonator of radius R with a high eﬀective refractive index core, neff ,
(indicated in grey) surrounded by low index cladding (indicated in white). A propagating
electromagnetic wave is totally internally reﬂected at the dielectric interfaces formed by the
ring resonator’s boundaries with the surrounding cladding material.
Φ = 2πm (2.17)
where m ∈ Z.
Combining Eqs. (2.16) and (2.17) yields a description of precisely where the resonant wave-
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The spectral proﬁle of a ring resonator will demonstrate peak intensities at these resonant
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Figure 2.7: The spectral proﬁle of a ring resonator. The ring resonator exhibits peak intensities
at its resonant wavelengths, λm
2.4.1 Attributes of microresonators
When discussing microresonators, we refer often to several quantities describing speciﬁc at-
tributes of the resonator. The free spectral range (FSR) of a microresonator is deﬁned as
the diﬀerence between the wavelengths of two adjacent resonant conditions, m and m+ 1:
FSR = Δλ = λm+1 − λm (2.19)
For a ring resonator, consecutive modes are all equidistantly spaced, signifying that the free
spectral range of a ring resonator is constant for all m and m+ 1 pairings.
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Secondly, the optical loss of a microresonator is quantiﬁed by its quality factor, Q. The quality






where FWHM refers to the full width, half maximum of a resonant mode. As can be seen in Eq.
(2.20), the quality factor of a mode is inversely proportional to the FHWM of the resonance,
implying that a narrow resonance in the frequency domain corresponds to a low loss cavity.
This relation can also be thought of in terms of a Fourier analysis: the Fourier transform of
a frequency-domain resonance is the equivalent resonance in the time-domain. Accordingly, a
narrow resonance peak in the frequency space corresponds to a photon with a long lifetime.




Periodically patterned dielectric structures oﬀer an alternative means by which to control the
propagation of electromagnetic waves in a microresonator. These structures, more commonly
known as photonic crystals, possess a periodic dielectric function. An electromagnetic wave
traveling through a photonic crystal encounters multiple dielectric interfaces, at which the wave
can either be transmitted or reﬂected. Reﬂections oﬀ of multiple interfaces interfere with each
other, allowing only certain frequencies of light to propagate through the photonic crystal [3].
Photonic crystal electromagnetics phenomena have many similarities to occurrences in solid
state physics. In particular, Bloch’s theorem describes the behaviour of an electron traveling
through a crystal lattice of ions [19]. The electron experiences a periodic potential which can
be described as:
U(r + R) = U(r) (3.1)
where r corresponds to the position vector and R is the lattice vector quantifying the distance
between two adjacent ions. If the wave function of the electron satisﬁes certain conditions, the
21
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electron can propagate through the periodic potential of the underlying lattice of ions with a non-
zero mean velocity. This implies that the electrons are not scattered via Coulomb interactions
with the lattice of ions but, rather, travel through the lattice undisturbed.
Because the characteristic length scales of a typical crystal lattice (∼ 1A˚) are on the order of,
or less than, the DeBroglie wavelength of a free electron, a quantum mechanical analysis of the








Ψ = EΨ (3.2)
In a periodic potential, such as the potential deﬁned in Eq. (3.1), the wave function of a Bloch
electron which satisﬁes Schro¨dinger’s equation is described as:
Ψ(r) = ei(k·r)u(r) (3.3)
where k is the wave vector of the Bloch electron. The term u(r) represents a function which
follows the periodicity of the lattice potential, namely:
u(r + R) = u(r) (3.4)
Eq. (3.3) tells us that a Bloch electron behaves very similarly to a free electron propagating
through free space. However, rather than propagating simply as a plane wave of the form
ei(k·r), the wave function of the Bloch electron is modiﬁed by a periodic spatial function u(r)
which conforms to the periodicity of the underlying lattice ion potential. This characteristic sets
Bloch electrons apart from free electrons and allows them to avoid scattering as they propagate
through the lattice.
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In parallel, photonic crystal electromagnetics considers a photon propagating through a mixed
dielectric material that possesses a periodic dielectric function, r(r). Similar to Eq. (3.1), the
dielectric function (also known as the relative permittivity1) must satisfy the condition:
(r) = (r + a) (3.6)
where a represents the lattice vector quantifying the periodicity of the mixed dielectric material.
Akin to Bloch’s theorem for electrons in a periodic potential, photons in a periodic photonic
crystal that satisfy certain conditions can propagate through the material undisturbed. In
addition, photonic crystals can be designed so as to completely prohibit the propagation of
certain electromagnetic frequencies.
3.1 Electromagnetics Master Equation
In order to understand these unique qualities of periodically patterned dielectric structures,
we must start with an examination of precisely how a photon interacts with mixed dielectric
media. In solid state physics, the phenomenon of the propagation of undisturbed Bloch electrons
is dictated by Schro¨dinger’s equation. In a photonic crystal, however, the behaviour of a photon
is explained by Maxwell’s equations [21]:
∇ ·D = ρ ∇ ·B = 0 (3.7a)
∇×E+ ∂B
∂t
= 0 ∇×H− ∂D
∂t
= J (3.7b)
Here, Maxwell’s equations are expressed in terms of the macroscopic electric and magnetic
induction ﬁelds, E and B, the electric displacement ﬁeld, D, the magnetic ﬁeld H, and the free






As per convention, we will from here on denote the relative permittivity as (r).
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charge and current densities, ρ and J. For most dielectric materials that we wish to consider,
there are several reasonable approximations which can be made:
1. There exists no free charge or current sources within the mixed dielectric material. As a
result, we can set the free charge and current densities, ρ and J, equal to zero.
2. We consider only low power ﬁeld strengths, allowing us to consider the materials in ques-
tion as linear media. In general, the components of the electric displacement ﬁeld may











where χikj are components of the electric susceptibility tensor, 0 is the vacuum permit-
tivity, and Di, Ej , and Ek represent various components of the displacement and electric
ﬁelds. In the linear regime, the strength of the electric ﬁeld is low enough that we can safely
neglect the higher order terms of the power series and express the electric displacement
ﬁeld as linearly proportional to the electric ﬁeld:
D(r) = 0(r)E(r) (3.9)
3. We will assume that the dielectric materials under consideration are transparent, sig-
nifying that the absorption coeﬃcients of the material are negligible. For example, the
semiconductor band gap of silicon at 300K is equal to 1.11 eV. Microresonators compatible
with current telecommunications technologies employ wavelengths on the order of 1550
nm. Such an electromagnetic wave has approximately 0.8 eV of energy and is thus not
energetic enough to be absorbed by the material. As a result, silicon can be considered as
transparent for the wavelengths in question.
4. Our fourth approximation assumes that the material in question is non-magnetic, indi-
cating that the magnetic susceptibility of the material, χm, is negligible. As a result the
material permeability is essentially equal to the permeability of free space, μ0 [20]:
μ ≡ μ0(1 + χm) ∼= μ0 (3.10)
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Combining Eqs. (3.10) and (3.11), we see that the relative permeability of a non-magnetic
material is approximately equal to 1.
The refractive index of a material can be expressed as the product of the relative per-
mittivities and permeabilities. Our assumption that the magnetic susceptibility of the
material is negligible allows us to express the dielectric function solely in terms of the






∴ (r) ∼= n(r)2
(3.12)
5. Our ﬁnal assumption is to neglect the eﬀect of material dispersion [21]. If we select the
appropriate refractive index of a material for the range of frequencies in question, we can
neglect the dependency of an electromagnetic wave’s frequency on its wave vector and
express the refractive index as a constant.
Applying assumptions (1) and (2) to the divergence equations (Eq. (3.7a)) yields:
∇ · (r)E(r, t) = 0
∇ ·H(r, t) = 0
(3.13)
Similarly, applying the assumptions to the curl equations returns the following expressions:
∇×E(r, t) + μ0∂H(r, t)
∂t
= 0




Equation (3.14) provides us with a set of linear diﬀerential equations which can be solved via
the method of separation of variables. We thus consider general solutions of the form:
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H(r, t) = H(r)eiωt
E(r, t) = E(r)eiωt
(3.15)
Because Eq. (3.14) is linear, we know that any solution to Maxwell’s equations can be composed
via a linear combination of other solutions. Thus, choosing functions which vary sinusoidally
with time is an appropriate choice, as these solutions allow us to construct essentially any
function by properly building the Fourier series for the function in question.
Finally, the periodic nature of the dielectric function allows us to apply Bloch’s theorem (Eq.




where, similar to Eq. (3.4), uk(r) and wk(r) are periodic functions which conform to the
periodicity of the dielectric function, deﬁned in Eq. (3.6)
Combining Eqs. (3.15) and (3.16) allows us to express the generalized solutions to Maxwell’s
equations for a photonic crystal possessing a periodic dielectric function as:
Hk(r, t) = uk(r)e
(ik·r−ωt)
Ek(r, t) = wk(r)e
(ik·r−ωt)
(3.17)
3.2 Frequency Eigenvalues and Eigenmodes
Combining Eqs. (3.14) and (3.15) to eliminate E(r) allows us to reformulate Maxwell’s equations
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where Θ ≡ ∇× 1(r)∇×. Once the dielectric function (r) of the problem has been speciﬁed, the
master equation can be used to solve for the spatial modes of the magnetic ﬁelds, H(r). Finally,
the calculated magnetic ﬁeld proﬁles can be reentered into Eq. (3.14) to solve for the electric
ﬁeld conﬁgurations, E.
One can immediately see that the electromagnetics master equation is in fact an eigenvalue
problem. In an eigenvalue problem, an operator deﬁned as A acts upon a function f [22]. This
operation yields a scalar eigenvalue λ multiplied by the original function, or more concisely:
Af = λf (3.19)
The set of eigenvalues resulting from the eigenvalue problem is known as its spectrum of eigen-
values. Each eigenvalue has a corresponding eigenfunction, f .
Under certain circumstances, the operator A satisﬁes the following condition:
〈Af |g〉 = 〈f |Ag〉 (3.20)
where f and g are two distinct eigenfunctions. An operator which satisﬁes the condition speciﬁed
in Eq. (3.20) is known as Hermitian. This equation tells us that a Hermitian operator applied
to the ﬁrst function of an inner product2 yields an equivalent result as when the Hermitian
operator is applied to the second function of the inner product.
Hermitian eigenvalue problems occur frequently in physics, the most common of which is
Schro¨dinger’s equation. As can be seen in Eq. (3.2), a Hermitian operatorH =
(
− 22m∇2 + U(r)
)
operates on a system’s wave function, Ψ. The resulting eigenvalues corresponding to the eigen-
functions of Schro¨dinger’s equation quantify the energy of the system.
In this case, our Hermitian operator is deﬁned as Θ ≡ ∇ × 1(r)∇× , our eigenfunctions are





. The spectrum of eigenvalues and
2The inner product can be described as the n-dimensional generalization of the dot product, f · g. If the
set of eigenfunctions under consideration have an orthonormal basis, the inner product of two eigenfunctions can
be deﬁned as:
〈f |g〉 = f∗1 g1 + f∗2 g2 + f∗3 g3 + ... (3.21)
where fi and gj represent the various components of the eigenfunctions.
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their corresponding eigenfunctions belonging to the electromagnetics Hermitian operator exhibit
several attributes that oﬀer important insights into the behaviour of electromagnetic waves
satisfying the master equation:
1. Eigenfunctions representing physically realizable systems must be normalized, implying
〈f |f〉 = 1.
2. The set of eigenvalues belonging to a Hermitian operator are known as observables. They
are so named due to the fact that the spectrum of eigenvalues corresponding to a Hermitian
operator must be real. Suppose the Hermitian operator A has an eigenfunction f with
corresponding eigenvalue a. Then:
〈Af |f〉 = 〈f |Af〉
a∗〈f |f〉 = a〈f |f〉
(3.22)
where a∗ represents the complex conjugate of the eigenvalue a. Because the eigenfunctions
under consideration are normalized, as speciﬁed above, we know 〈f |f〉 = 1. This implies
that a∗ = a and, equivalently, that all eigenvalues belonging to a Hermitian operator must
be real.
3. Eigenfunctions belonging to distinct eigenvalues are orthogonal to each other. Suppose
two eigenfunctions f and g have corresponding, distinct eigenvalues a and b. Taking the
inner product of the eigenfunctions with the Hermitian operator A yields:
〈Af |g〉 = 〈f |Ag〉
a∗〈f |g〉 = b〈f |g〉
(3.23)
Provided a = b, the inner product of the eigenfunctions 〈f |g〉 must be equal to zero.
4. Eigenfunctions belonging to a Hermitian operator form a complete set. That is, any
solution to a speciﬁc eigenvalue problem can be constructed by a linear combination of
other eigenfunctions.
5. Spatial bounding of the eigenfunctions of a Hermitian operator results in the formation
of a discrete spectrum of eigenvalues. When the eigenfunctions are unbounded, their
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corresponding eigenvalues can take on a continuous range of values. However, spatial
limits of the eigenfunctions imposes certain boundary conditions on the spatial proﬁles of
the functions, implying that they can only take on certain conﬁgurations. The resulting
spectrum of eigenvalues corresponding to the bounded eigenfunctions are thus restricted
to a discrete set of values.
These attributes provide us with a mathematically robust explanation as to why only certain
frequencies of light are allowed to propagate through a photonic crystal, while others are pro-
hibited. The discrete translational symmetry of the photonic crystal’s dielectric function forces
a periodicity, or a repetition of a bounded ﬁeld proﬁle, of the magnetic ﬁelds. As a result, only
certain frequencies of light, corresponding to a discrete spectrum of eigenvalues, can propagate
through the photonic crystal. However a deeper understanding of the unique characteristics
of photonic crystals is achieved by examining precisely why the ﬁeld proﬁles of magnetic ﬁelds
take on certain conﬁgurations. This alternative explanation can best be achieved through ex-
amination of the one-dimensional photonic crystal.
3.3 One-dimensional photonic crystal structures
We start by considering a one-dimensional photonic crystal possessing a uniform dielectric proﬁle
in the yˆ and zˆ directions, with discrete translational symmetry of periodicity a in the xˆ-direction.
Due to the discrete translational symmetry of the dielectric function in the xˆ-direction, the
physical representation of the photonic crystal has strong corollaries to the Bravais lattice
used to describe a crystalline structure in solid state physics (see Figure 3.2) [19]. If we wish to
transform into momentum space, we can describe the physics of the system via the reciprocal
lattice, whose reciprocal lattice vector is deﬁned as k = 2πa .
One fundamental postulate in solid state physics is that all physical phenomena corresponding
to a periodic array of discrete points (i.e. the Bravais lattice) can be described in reciprocal
space by what is known as the ﬁrst Brillouin zone. The ﬁrst Brillouin zone is a cell which
spans the volume of space containing exactly one lattice point, but which neither overlaps
nor leaves vacancies with any surrounding cells. Alternatively, the ﬁrst Brillouin zone can
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Figure 3.1: A one-dimensional photonic crystal possessing a periodic dielectric function of
lattice constant a in the xˆ-direction.
be described as the volume in reciprocal space beyond which the k-points describe redundant
physical phenomenon.
Similarly, in photonic crystal electromagnetics the dispersion relation describing the propagating
electromagnetic wave can be represented by the ﬁrst Brillouin zone in photonic reciprocal space.
For a one-dimensional photonic crystal with a lattice vector a = axˆ, the ﬁrst Brillouin zone
spans the space from kx = −πa to kx = +πa , corresponding to the length of one reciprocal lattice
vector. These kx points coincide with what is known as the photonic band edge. Points
on the dispersion relation falling outside of the ﬁrst Brillouin zone provide no new information
concerning the dispersion relation of the photonic crystal but, rather, correspond to degenerate
eigenfunctions with shared frequency eigenvalues. Speciﬁcally, there exists a degeneracy of states
at the photonic band edge where the eigenfunction at kx = −πa is equivalent to the eigenfunction
at kx = +
π
a .
In Ref. [21], a qualitative description of the behaviour of an electromagnetic wave in a one-
dimensional photonic crystal is provided, which oﬀers insight into the physical phenomena
occurring at the photonic band edge. As in any physical system, the ﬁeld proﬁle of a propagat-
ing magnetic ﬁeld arranges itself so as to minimize the energy (or, equivalently, the frequency











Figure 3.2: A crystal lattice with a lattice vector of r = a and its equivalent lattice in
reciprocal space. The ﬁrst Brillouin zone of the reciprocal lattice is indicated by the shaded
unit cell, whose length spans the space of one reciprocal lattice vector, k = 2πa .
eigenvalue) of the system. The energy of the system can be described using the energy func-
tional, which yields a scalar quantity specifying the energy of a particular electromagnetic ﬁeld
conﬁguration in vector space. The energy functional of an electromagnetic wave propagating
through a photonic crystal is deﬁned as:
Uf (H) ≡ 〈H,ΘH〉〈H,H〉 (3.24)
Variational principle can be utilized to probe the eﬀect that small variations of the magnetic
ﬁeld proﬁles have upon the energy of the system. Use of the method provides a description of




This equation demonstrates that the denominator of the energy functional can be maximized
by placing the strength of the electric ﬁeld in regions of the photonic crystal possessing a high
dielectric constant.
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The discrete translational symmetry of the photonic crystal allows degenerate electromagnetic
ﬁeld eigenfunctions found at the photonic band edge to take one of two separate ﬁeld conﬁgu-
rations:
1. The ﬁeld concentrates its electric ﬁeld energy density in the regions of material in the
photonic crystal possessing a high dielectric constant. This conﬁguration lowers the
energy functional, resulting in a lowering of the frequency eigenvalue at the photonic
band edge.
2. The ﬁeld concentrates its electric ﬁeld energy density in the regions of material in the
photonic crystal possessing a low dielectric constant. This conﬁguration minimizes the
denominator of Eq. (3.25), resulting in an increase of the corresponding band edge fre-
quency eigenvalue.
The two ﬁeld conﬁgurations available to the electromagnetic ﬁeld due to the discrete transla-
tional symmetry of the one-dimensional photonic crystal breaks the degeneracy of the eigenfunc-
tions at the photonic band edge. This results in the formation of what is known as a photonic
band gap. Similar photonic band gaps due to the degeneracy of eigenfunctions found at the
points kx = ±2πa ,±3πa , ... will be found at higher energies, resulting in a photonic band structure.
Photons with frequencies falling within the photonic band gaps are completely prohibited from
propagating through the photonic crystal. Only electromagnetic waves possessing a wave vector
and corresponding frequency falling on a photonic band may travel through the crystal undis-
turbed. Most importantly for our discussion on photonic crystal ring resonators, the photonic
dispersion relation at the band edge ﬂattens out, signifying that the derivative of the frequency
of the photon with respect to its wave vector, dωdkx , is equal to zero. The implications of this
unique characteristic belonging to photons at the photonic band edge are found by exploring
the general behaviours and attributes of electromagnetic waves.
3.3.1 Wave dynamics: Phase and group velocity
We begin with the most general description of a wave propagating in one-dimension [23]:









Here u describes the x-component of a wave, while vx denotes the x-component of the velocity
of the wave. This second-order diﬀerential equation is known as the one-dimensional wave
equation and describes the relationship between the spatial variation of a wave and its time
evolution. Because the left hand side of the equation depends solely on the position component
x, while the right-hand side depends uniquely on time, the diﬀerential equation can be solved
via the method of separation of variables. We start by assuming a solution to the problem of
the form:
u(x, t) = X(x)T (t) (3.27)
Substituting Eq. (3.27) into Eq. (3.26) yields a solution which satisﬁes the wave equation [24]:
u(x, t) = A cos(ωt− kxx+ φ) (3.28)
where A and φ are respectively the arbitrary amplitude and phase angle determined by the
initial conditions of the wave at x = t = 0.
We now consider the time evolution of a point on the wave of ﬁxed phase angle, φ, which can
be described as:
u(x, t) = u(x+Δx, t+Δt)
A cos(ωt− kxx+ φ) = A cos(ω(t+Δt)− kx(x+Δx) + φ)







For inﬁnitesimal periods of time, this equation becomes:





Figure 3.3: A propagating light pulse. The outer envelope (indicated by the dotted blue line)








Eq. (3.30) describes the velocity of a group of points on a waveform of constant phase angle






Similarly, if we consider points on a waveform of constant amplitude, the velocities of said points
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Graphically, the phase velocity is represented by the inner oscillations of a wave packet. The
inner oscillations of the wave can move at a rate either slower or faster than that of the outer
envelope. However, the rate at which information can be transmitted by a wave is ultimately
determined by its group velocity.
Wave packets can be described as either traveling or standing waves. A traveling wave has a
non-zero group velocity, allowing for the outer envelope of the wave packet to propagate in a
speciﬁed direction. Alternatively, a standing wave has a zero group velocity. Rather than
propagating, the wave packet instead displays simple harmonic oscillations in the amplitudes of
various points on the waveform.
Electromagnetic waves with a low group velocity are known as slow light waves. As mentioned
at the end of Section 3.3, the derivative of the photonic dispersion relation of a one-dimensional
photonic crystal, dωdkx , approaches zero at the photonic band edge. As a result, it can be said
that an electromagnetic wave in a one-dimensional photonic crystal whose x-component of the
wave vector is equal to ±πa has a zero group velocity. As will be seen in the next chapter, slow
light electromagnetic waves possess special properties which make them particularly interesting
for use in microresonators.
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(a) A propagating waveform with a ﬁnite group velocity.
(b) A standing wave with vG = 0. Each point on the waveform undergoes simple harmonic oscillations
in amplitude.
Figure 3.4: A propagating and standing waveform.
Chapter 4
Slow light enhancement of photonic
crystal ring resonator modes
In Chapter 3, our discussion on periodically patterned dielectric structures demonstrated how
photonic crystals can be employed to “slow down” the group velocity of an electromagnetic wave.
Chapter 4 will be dedicated to exploring precisely how slow light eﬀects can be produced in
microresonators and what subsequent outcomes can reasonably be expected. We will start with
a discussion on the impacts of slow light resonant modes in microresonators and then conclude
with a description on how microresonators and periodically patterned dielectric structures are
combined to produce a particularly interesting slow light microstructure: the photonic crystal
ring resonator.
4.1 Qualities of slow light resonant modes
To better understand the nature of slow light in a photonic crystal, we start by examining a prop-
agating electromagnetic wave in a photonic crystal waveguide. The photonic crystal waveguide
is formed by introducing a one-dimensional line “defect” into a two-dimensional photonic crystal
(see Figure 4.1). As the wave propagates through a photonic crystal waveguide, it encounters
multiple dielectric interfaces which can result in the backscattering of a forward-propagating
mode into a backward-propagating mode [25]. At the photonic band edge, the backscattered
37
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Figure 4.1: A photonic crystal waveguide formed by introducing a line defect of missing holes
in a photonic crystal slab. The photonic crystal slab is composed of a high refractive index
material (indicated in black) with a lattice of low refractive index holes (indicated in white)
.
light interferes constructively with the forward-propagating mode, resulting in a standing wave
conﬁguration. As discussed in Section 3.3.1, a standing wave does not propagate but, rather,
undergoes simple harmonic oscillations in amplitude. Accordingly, the linear combination of
the in phase forward- and backward-propagating light waves can be considered as a zero group
velocity, slow light resonance of the photonic crystal waveguide.
As we move away from the band edge, the backscattered light falls more and more out of phase
with the forward-propagating electromagnetic wave. Close to the band edge, the light can be
said to fall within the “slow light regime”. The light can no longer be classiﬁed as a standing
wave, as it possesses a small, yet ﬁnite, group velocity. Rather, the resonances found near the
band edge will demonstrate the slow propagation of an interference pattern. Once we are far
enough removed from the photonic band edge so that the resonances can no longer be classiﬁed
as falling within the slow light regime, the propagation of light waves is now dominated by
the process of total internal reﬂection, rather than the interference of forward- and backward-
propagating waves.
The slow light nature of electromagnetic waves allows for interesting phenomena that make slow
light resonators of interest for use in integrated photonic circuits. The following sections are
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dedicated to discussing these unique properties in more detail.
4.1.1 Enhanced light-matter interactions
Slow light resonant modes have been shown to possess enhanced interaction between the di-
electric material and the propagating electromagnetic wave [26–28]. This phenomenon can be
attributed to two separate causes:
1. Low group velocity/Increased optical path length:
Enhanced light-matter interactions due to the low group velocity of slow light electro-
magnetic ﬁelds is intuitively quite easy to comprehend. The slower the group velocity of
a propagating ﬁeld, the more time it has to interact with its surrounding material. An
alternative explanation is found through examination of the optical path length (OPL)
of a light wave in an optical cavity [29]. The OPL relates the distance a photon travels in






This equation indicates that the optical path length traveled by a photon will always be
greater than the physical length, Lmedium, of an optical cavity. It is also evident that the
optical path length diverges as the group velocity of the light approaches zero, resulting
in a nearly inﬁnite interaction length between the photon and its surrounding material.
2. Increased optical energy density:
As an electromagnetic wave enters the slow light regime, the front of the light pulse will
accordingly experience a decrease in its group velocity. However, the group velocity of the
back of the light pulse will continue on unaltered, resulting in a spatial compression of the
optical pulse [25]. Assuming that no energy is lost by the light pulse upon arrival in the
slow light regime, the resulting electromagnetic wave will exhibit increased optical energy
densities. As a result, the slow light wave will interact more strongly with the surrounding
material.
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It must be clariﬁed that increased optical energy densities of slow light electromagnetic
waves can only be expected in environments possessing low second and third-order dis-
persion parameters. Otherwise, the dispersive properties of the surrounding material will
cause the optical pulse to distort, counteracting the favourable spatial compression of the
electromagnetic ﬁelds. In order to take advantage of increased optical energy densities, a
slow light resonator must be designed so as to slow the group velocity of an electromagnetic
wave, while simultaneously avoiding large second and third-order dispersion parameters
(refer to Section 6.5.1 for additional details).
4.1.2 Improvement of quality factors
Slow light electromagnetic waves in microresonators have also been shown to possess high quality
factors or, equivalently, low optical losses [30]. In Ref. [31], a theoretical model is developed
which provides a qualitative description of the slow light enhancement of a microresonator’s
quality factors. We start by considering a microresonator which is coupled to both an input







Here Qrad quantiﬁes the optical losses due to coupling of the microresonator’s modes to radiation
modes, Qabs represents the quality factor related to the material absorption of the electromag-
netic ﬁelds, and QIO is the quality factor due to coupling with the input and output ports. The







(ω − ωres)2 + (Γrad + Γabs + ΓIO)2 (4.3)
where Pin and Pout are the incoming and outcoming powers, Γrad,Γabs, and ΓIO represent
the radiation, absorption, and input/output FWHMs, respectively, and ωres is the resonant
frequency of the microresonator in question.
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We now consider the transmission of an equivalent resonator whose material has been replaced
with a highly dispersive material. In this case, a highly dispersive material refers to a medium








We see here that the group index experienced by an electromagnetic wave is inversely propor-
tional to its group velocity; hence, a resonator composed of a highly dispersive material can be
considered as equivalent to a resonator with slow light propagating modes.
By replacing the non-dispersive material of the resonator by a highly dispersive material, each
electromagnetic wave of frequency ω will perceive a diﬀerent change in the refractive index of
the material:





Equation (4.5) tells us that for ω > ωres, ∂n(ω) > 0, indicating that the frequencies see a
perceived shift in the resonance curve to the left. Likewise, ω < ωres experience a negative
change in refractive index (∂n(ω) < 0), resulting in a perceived shift in the resonance curve to
the right. The resulting resonance curve is much narrower as compared to the resonance curve
in a non-dispersive material. Recall from Section 2.4.1 that the FWHM of a resonant curve
is inversely proportional to its quality factor. As a result, a narrowing of the resonance curve
signiﬁes an increase in the quality factor of the microresonator.
Examination of the transmission of the microresonator composed of a highly dispersive material
provides further clariﬁcation as to precisely why the enhancement of quality factors occurs. From







































Figure 4.2: The transmission curves of microresonators composed of non-dispersive and highly
dispersive materials. The FWHM of the resonance in a dispersive material is reduced, implying









is deﬁned as the fraction of the
electric displacement ﬁeld energy found in the highly dispersive material.
As can be seen in Eq. (4.6), each FWHM factor quantifying optical losses (i.e. Γrad,Γabs,








. This reduction leads to an
overall increase in the lifetime of the photon in the microresonator.
4.2 Photonic crystal ring resonators
As seen in the previous section, the various qualities of slow light microresonators position the
devices as highly desirable for integration into photonic circuits. One particular device which
has demonstrated potential as an eﬀective means by which to slow down the propagation of light
waves is the photonic crystal ring resonator (PhCRR). A PhCRR merges the properties
of a standard ring resonator with those of a photonic crystal. The resonator is formed by
superimposing a periodic dielectric structure of low refractive index material holes of radius r
onto a high refractive index material ring resonator. The periodicity of the photonic crystal
structure is quantiﬁed by its lattice vector, a. The resonant wavelengths of the resonator are
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dependent upon several factors, namely the eﬀective refractive indices of the ring material, nring,
and the photonic crystal lattice holes, nhole, the width of the ring, w, and the photonic crystal’s




Figure 4.3: A photonic crystal ring resonator of radius R composed of a high refractive
index ring resonator, nring, (indicated in black) overlaid with a photonic crystal lattice of low
refractive index holes, nhole (indicated in white).
In a standard ring resonator, the eﬀects of waveguide dispersion can slightly modify the mode
spectrum of the resonator. Recall from Section 2.3.2 that the waveguide dispersion is attributed
both to the refractive index of the resonator’s material and the geometric properties of the ring;
these properties allow for the slight reduction of the wave’s group velocity as compared to the
propagation of a wave in vacuum. However, a ring resonator lacks the capacity to signiﬁcantly
alter the group velocity of a propagating wave to the extent that it falls within the slow light
regime.
Alternatively, the periodic nature of the dielectric media seen by a propagating PhCRR resonant
mode can dramatically alter the dispersion of the resonator, providing design control over the
group velocity of a resonance. If a resonant mode of the PhCRR has a wave vector which
coincides with the photonic band edge in reciprocal space, the mode will possess a zero group
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velocity and will thus exhibit the previously discussed properties of slow light modes. As a
result, it is of high interest to formulate a design method which will allow for the selective
positioning of resonant modes in the slow light regime of a photonic crystal ring resonator’s
dispersion relation. Chapter 5 will be dedicated to presenting just such an approach.
Chapter 5
Design of slow light resonant modes
in photonic crystal ring resonators
In order to fully exploit the enhancement of light-matter interactions and quality factors of
slow light resonances, we wish to position the resonant modes of a PhCRR in the desirable
regions of the photonic dispersion relation. As was explored in the previous chapters, precise
design of the waveguide and photonic crystal geometries provides engineering control over the
photonic dispersion relation. Accordingly, the potential lies for the construction of a PhCRR
which maximizes the slow light enhancement of its resonances through careful selection of its
geometric parameters.
Previous design approaches have succeeded in placing resonant modes in the slow light region
of a photonic crystal ring resonator’s dispersion relation [30,33]. However, they have lacked the
capacity to systematically choose design criteria which will ensure a band edge mode, depending
rather on trial and error eﬀorts in the design of the photonic crystal ring resonator’s geometry.
The core of this work is a novel design approach which allows for the precise selection of photonic
band edge resonant modes [34]. Moreover, the periodic dielectric structure of the photonic
crystal ring resonator provides scaling control over the wavelengths at which these resonances
are placed.
45
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5.1 Step 1: Dispersion relation of a one-dimensional photonic
crystal waveguide
The ﬁrst step of the design approach is to model the dispersion of an inﬁnitely long waveguide
possessing a periodic dielectric function in one dimension. In considering the photonic crystal
ring resonator as a straight waveguide, we have assumed that the radius of curvature of the
PhCRR is large enough so that bending losses can be neglected (i.e. R > λ0neff ). A computa-
tional approach is employed which makes use of the open-source MIT Photonic Bands (MPB)
software package [35]. MPB is a a frequency domain eigensolver which simultaneously computes






Figure 5.1: A representative portion of an inﬁnitely long photonic crystal waveguide of width
w. The waveguide is composed of a high refractive index material (indicated in black), overlaid
with a photonic crystal lattice of low refractive index holes (indicated in white) of radius r
and lattice constant a. The photonic crystal waveguide is oriented in the x− y plane with the
zˆ-direction coming out of the page.
A unit cell of length a representing the physical dielectric function is ﬁrst speciﬁed in generalized
coordinates. MPB calculates the photonic dispersion relation in reciprocal space and accounts
for the creation of photonic band gaps by assuming the unit cell periodically repeats itself an
inﬁnite number of times. The photonic dispersion relation of the photonic crystal is computed
in units of its periodicity. It therefore outputs a dimensionless frequency, νD, which is given in
units of ca . The dimensionless frequency can subsequently be scaled to a physical frequency by
changing the value of the lattice constant.
Due to limited computational resources, simulations are conducted in two dimensions. The
two-dimensional photonic crystal waveguide in question possesses mirror symmetry about the
z-axis (see Figure 5.1). It can be shown [21] that any two-dimensional photonic crystal with a
mirror symmetry plane can be categorized as possessing one of the following two polarizations:
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1. Transverse-electric (TE) polarization:
A transverse electric mode possesses an electric ﬁeld whose propagation is restricted to the
x−y plane of the photonic crystal. It is described in terms of its only non-zero components
(Ex, Ey, Hz).
2. Transverse-magnetic (TM) polarization:
Alternatively, a transverse magnetic mode restricts the propagation of its magnetic ﬁeld
to the x − y plane of the photonic crystal. It can thus be characterized in terms of the
components (Hx, Hy, Ez).
The two-dimensional approximation of the three-dimensional case is improved by using a cal-
culated eﬀective refractive index of a waveguide of thickness, t, on a substrate with low index
cladding. The ﬁlling factor of the photonic crystal lattice and the width of the waveguide are
also speciﬁed in units of the lattice constant a. While the ﬁlling factor will aﬀect the shape
of the dispersion relation, the band edge dimensionless frequency remains largely unaﬀected,
providing ﬂexibility in the choice of the ra ratio. Because the waveguide possesses a periodicity
of length a, we need only compute the dispersion relation of the ﬁrst Brillouin zone in reciprocal
space.
Figure 5.2 depicts the ﬁrst three photonic bands of the photonic crystal waveguide for modes with
transverse-electric polarization. The dashed line represents the “light line”, which quantiﬁes the
dispersion relation of an electromagnetic wave propagating through free space. The regions of
the photonic bands falling above the light line correspond to modes which are not conﬁned to
the waveguide but, rather, to radiation modes which will leak into the surrounding cladding
material. The further the mode is found from the light line, the lower the overlap of a guided
mode proﬁle with that of a radiation mode proﬁle. Consequently, modes found far from the
light line will not couple into the lossy radiation modes of the system and will thus be strongly
conﬁned to the core of the waveguide. Our area of interest lies in the slow light region of
the photonic dispersion relation, corresponding to the reciprocal space band edge of the ﬁrst
photonic band.
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Figure 5.2: The ﬁrst three photonic bands of a photonic crystal waveguide with
neff = 2.83, ff = 0.3, and w = 1.0a. The ﬁrst, second, and third photonic band are represented
as the solid black, red, and blue lines, respectively. The dashed black line corresponds to the
light line; any propagating waves falling on the dispersion curves found above the light line (i.e.
in the shaded region) correspond to radiation modes which will decay exponentially into the air
cladding of the photonic crystal waveguide.
5.2 Step 2: Spatial bounding of the photonic crystal waveguide
In order to convert the continuous spectrum of frequency eigenvalues belonging to the inﬁnitely
long waveguide to a discrete spectrum of eigenvalues corresponding to the photonic crystal
ring resonator, boundary conditions must be imposed that enforce spatial bounding of the
structure. The ﬁrst boundary condition ensures periodicity of the photonic crystal structure;
more precisely, an integer number of unit cells are required to ﬁt within the perimeter of the
ring:
Na = 2πR (5.1)
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(a) Hz of the ﬁrst photonic band
(b) Hz of the second photonic band
(c) Hz of the third photonic band
Figure 5.3: Magnetic ﬁeld conﬁgurations of the ﬁrst three photonic bands
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Here N ∈ Z is deﬁned as the number of unit cells found in the ring. The second boundary
condition enforces phase matching of a propagating electromagnetic wave by requiring resonant
modes to have an integer number of wavelengths that ﬁt within the ring:
kxR = m (5.2)
where m ∈ Z corresponds to the mode number of a given resonance. Combining Eqs. (5.1) and
(5.2), we are left with an expression for kx which depends on the number of unit cells in the





In order to place a resonant mode of the PhCRR directly at the photonic band edge, we must






Because we have required m to be an integer value, Eq. (5.4) reveals that a photonic band edge
resonant mode can only occur in photonic crystal ring resonators possessing an even number of
unit cells.
Figure 5.4 demonstrate graphically how the discrete spectrum of frequency eigenvalues are
determined. Using an alternative, but equivalent, representation of the ﬁrst Brillouin zone, the
dispersion relation of the ﬁrst photonic band of the photonic crystal waveguide is plotted. The
boundary conditions, seen in red and blue, are superimposed onto the dispersion relation. Every
intersection between a vertical line and the ﬁrst photonic band represents a resonant mode of
the photonic crystal ring resonator. When N is an even number, a resonance is found directly
at the photonic band edge. Alternatively, the N odd conﬁguration does not possess a band edge
mode but, rather, has its resonances placed symmetrically about the band edge.
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(a) The discrete spectrum of eigenvalues corresponding to the N -even conﬁguration. The dispersion
relation for the photonic crystal waveguide is plotted from kx = 0 to
2π
a , spanning the length of one
reciprocal lattice vector.
















(b) The discrete spectrum of eigenvalues corresponding to the N -odd conﬁguration.
Figure 5.4: The dispersion relations and boundary conditions for the photonic crystal ring
resonator. A photonic band edge mode is found only in the N -even conﬁguration.
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One notable feature of a photonic crystal ring resonator is its free spectral range. Recall from
Section 2.4.1 that the free spectral range quantiﬁes the spacing in wavelength between two
adjacent resonant conditions. A standard ring resonator possesses a linear dispersion relation
which allows for equidistantly spaced adjacent modes. In comparison, the PhCRR’s dispersion
relation is markedly non-linear. The free spectral range of the PhCRR accordingly increases
with increasing distance from the photonic band edge. In addition, the spatial bounding of
the periodic dielectric structure enforces a frequency cutoﬀ at the photonic band edge, beyond
which no resonant mode can be found. As a result, the highest frequency (or equivalently, lowest
wavelength) resonant mode will be found at the photonic band edge.
5.3 Step 3: Calculation of the photonic crystal lattice period
Once the band edge dimensionless frequency has been computed, the lattice constant of the





λ0ν0 = c (5.6)
where ν0 and λ0 represent the physical frequency and vacuum wavelength, respectively. Com-
bining these two equations yields an expression for the lattice constant of the photonic crystal:
a = λ0νD (5.7)
We see immediately that the photonic crystal design approach gives us a high degree of control
over the resonant wavelength of the photonic band edge mode. The lattice constant of the
periodic dielectric function is linearly proportional to the wavelength of the resonance. As
a result, once the dimensionless frequency of a physical system has been calculated, we are
aﬀorded the ﬂexibility of tuning the resonant wavelength of the photonic band edge mode solely
by scaling the lattice constant accordingly.
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It is also worth noting that we can choose to place a resonant mode of a desired wavelength
away from the band edge simply by replacing the band edge dimensionless frequency with the
frequency of a resonant condition found on either side of the photonic band edge. Herein lies
the full potential of the design approach; we are not restricted to placing a resonance of a
desired wavelength at the photonic band edge but, rather, have the ﬂexibility to position the
resonance in any region of interest along the dispersion relation. (see Section 6.5.1 for alternative
engineering approaches which are of interest).
The ﬁnal step in the design approach is to specify a desired radius for the photonic crystal
ring resonator and then to calculate the number of units cells required to construct the ring
resonator. Alternatively, we can ﬁx a target number of unit cells and calculate the resulting
radius of the resonator.
5.4 Example calculation
To illustrate the proposed design approach in practice, this section will be dedicated to an
example calculation. Our goal is to design a photonic crystal ring resonator with an approximate
radius of 2.5 microns. For reasons discussed in Section 2.2, we wish to design the photonic
crystal ring resonator on the silicon-on-insulator platform. The target resonant wavelength for
the device is 1550 nm, corresponding to the telecommunications transparency window.
We ﬁrst model an inﬁnitely long waveguide with width w = 1.0a and ff = 0.3a. The width
of the waveguide is restricted to one lattice constant to avoid the introduction of higher order
modes into the waveguide (see Section 2.2). The eﬀective refractive index of the waveguide is
set to a value of neff = 2.83, corresponding to a 220 nm thick silicon layer on a 2 μm silica
substrate with air cladding. The MPB calculation of the photonic crystal waveguide yields a
value of 0.2563 for the band edge dimensionless frequency (see Figure 5.5).
The lattice constant is calculated by taking the product of our dimensionless frequency with
the target wavelength (Eq. 5.7)).
a = λ0 · μD = (1550nm)(0.2563)  397nm (5.8)
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νD = 0.2563














Figure 5.5: The ﬁrst photonic band of a photonic crystal waveguide with
neff = 2.83, ff = 0.3, and w = 1.0a. The photonic band edge dimensionless frequency is found
at νD = 0.2563
Using the computed value for a, we can in turn calculate the radius of the photonic crystal
lattice holes (r = 0.3a  119 nm) and the width of the waveguide (w = 1.0a = 397 nm). The








In order to ensure a band edge resonant mode, we must round this number up to the closest
even integer value, 40. Finally, the exact radius of the ring resonator is calculated, yielding a
value of 2.527 μm.
Chapter 6
Computational veriﬁcation of design
approach
6.1 Spectral response of a photonic crystal ring resonator
In order to explore the time evolution of the electromagnetic ﬁelds in the designed photonic
crystal ring resonator of Section 5.4, we will make use of the MIT Electromagnetic Equation
Propagation software package [36] which utilizes a ﬁnite-diﬀerence time-domain computational
approach to calculate the temporal change in the ﬁelds. A broadband Gaussian current dipole
source is ﬁrst employed to spectrally excite the electromagnetic ﬁelds. To avoid placing the
excitation source in the node of a resonant mode, one current source is placed slightly oﬀ-set
from the centre of a photonic crystal hole, while a second source is placed in the closest adjacent
neighbouring hole (see Figure 6.1).
A 200 nm wide pulse is centered on 1550 nm, corresponding to the target band edge resonant
wavelength of the device. Recall that our derivation of the electromagnetics master equation in
Section 3.1 assumed the absence of free charge or current sources in the dielectric material. Con-
sequently, we must allow for the current sources to decay to negligible values before computing
the resulting ﬁeld conﬁgurations.
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First current dipole source
Second current dipole source
ככ
Figure 6.1: A photonic crystal ring resonator whose current dipole excitation source locations
are indicated by red stars.
The broadband current source will excite a set of resonances whose magnetic ﬁelds satisfy
Eq. (3.18). MEEP accordingly outputs the time evolution of a linear combination of these
eigenfunctions. Because we are considering the transverse-electric conﬁguration of the ﬁelds,
we need only consider the z-component of the magnetic ﬁeld, Hz. In order to extract the
placement of each individual mode in the frequency domain, a discrete Fourier transform of the
time evolution of the electric ﬁelds is performed.
The frequencies of each resonant mode can subsequently be conﬁrmed via use of the open-
source program, Harminv [37]. Given an input function comprised of a linear combination of
sinusoidal functions, Harminv makes use of a harmonic inversion algorithm [38] to calculate the
amplitudes, decay rates, phases, and frequencies of each sinusoid. The spectral response of our
example photonic crystal ring resonator in the frequency domain extracted via Harminv can be
seen in Figure 6.3. The photonic band edge mode is found at 1553 nm, a diﬀerence of < 1% from
our expected target wavelength. Also as predicted, the free spectral range of adjacent modes
increases with increasing distance from the photonic band edge. Furthermore, the predicted
frequency cutoﬀ due to the bounded nature of the photonic crystal ring resonator’s dispersion
relation is observed at the photonic band edge. In comparison, the calculated modes of a
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(a) Time evolution of the excited resonances of the example PhCRR.











(b) Fourier transform of the electromagnetic ﬁelds from the time domain to the frequency domain. The
resonances have been converted from frequency to wavelength using Eq. (5.7).
Figure 6.2: The time evolution of the excited electromagnetic ﬁelds of the photonic crystal ring
resonator and its equivalent Fourier transform in the frequency domain computed via MEEP.
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standard ring resonator display equidistance spacing between adjacent modes and no frequency
cutoﬀ.
Adjacent Mode Numbers Free Spectral Range
m = 20 → m = 21 7 nm
m = 21 → m = 22 21 nm
m = 22 → m = 23 34 nm
Table 6.1: Free spectral ranges of the example photonic crystal ring resonator from Section
5.4. Here the band edge mode at 1553 nm corresponds to a mode number of mBE =
N
2 = 20.
6.2 Slow light enhancement of quality factors
In order to quantify the quality factors of each individual mode, a narrowband Gaussian source
of width 5 nm1 is centered on each resonant wavelength. Once the sources have died out, the
resulting electromagnetic ﬁeld corresponding to a particular mode is allowed to evolve until the
square of the absolute value of the ﬁeld has decayed to 90% of its initial value. The ﬁelds can
then be analyzed in order to extract the quality factor of the mode in question. Due to decay
mechanisms, such as scattering of the ﬁelds from imperfections on the surface of the resonator
and coupling of guided modes to lossy radiation modes, the ﬁelds of the resonant modes will
necessarily decay with time. For the transverse electric resonant modes for the example PhCRR
in question, the optical losses of the ﬁelds can be described as:












1In the case that adjacent modes are closely spaced to one another (i.e. their FSR < 5 nm), a 5 nm-wide
excitation pulse may be insuﬃcient to individually resolve each mode. In such cases, a narrower pulse must be
utilized.
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(a) Magnetic ﬁeld spectrum of the resonant modes of the example PhCRR











(b) Magnetic ﬁeld spectrum of an equivalent standard ring resonator
Figure 6.3: Spectral responses of the example PhCRR and an equivalent standard ring res-
onator computed via the harmonic inversion algorithm program, Harminv.
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Resonant Wavelength Exponential Decay Fit Harminv
1553 nm 2.59 ×107 1.30 ×107
1560 nm 1.29 ×107 1.19 ×107
1581 nm 1.59 ×106 3.88 ×106
1614 nm 3.16 ×105 3.02 ×105
Table 6.2: Quality factors of the resonant modes of the example photonic crystal ring resonator
from Section 5.4.
where λm is the resonant wavelength of the mode under analysis. Once the time evolution of the
electromagnetic ﬁelds have been calculated by MEEP, the optical loss envelope modifying the
amplitude of the ﬁelds is extracted by isolating the local maxima of each oscillation (see Figure
6.4). A decaying exponential function is then ﬁtted to this data, resulting in a ﬁt parameter
quantifying τ .
This value can in turn be inserted into Eq. (6.2) to calculate the quality factor for the resonance
in question.2 Veriﬁcation of these values can be conﬁrmed through comparison with the quality
factors computed by Harminv.
Figure 6.5 demonstrates graphically the calculated quality factors for each resonant mode of the
example photonic crystal ring resonator. The quality factors of the modes decrease away from
the photonic band edge, conﬁrming the prediction of slow light enhancement of quality factors.
6.3 Mode proﬁles of resonant modes
To obtain the ﬁeld proﬁles of each resonance, the z-component of the magnetic ﬁeld is plotted.
The ﬁeld proﬁles of the fundamental, photonic band edge mode demonstrate conﬁnement of
the electromagnetic ﬁelds to the core of the photonic crystal ring resonator. Additionally, the
strength of the fundamental mode’s electric ﬁeld is concentrated in the high refractive index
material of the silicon core, consistent with our discussion in Section 3.3.
2Note that the value for τ obtained from analysis of the ﬁelds is in MEEP time units and therefore must be
converted to physical time units (i.e. seconds) before being applied to Eq. (6.2).
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(a) Exponential decay of the Hz ﬁelds of the example photonic crystal ring resonator.
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(b) Close-up of the decay over 25 MEEP time units. The optical loss envelope is indicated in red, while
the exponential function ﬁt to the data is indicated by the blue dashed line.
Figure 6.4: Exponential decay of the magnetic ﬁelds of the example photonic crystal ring
resonator
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Figure 6.5: Calculated quality factors of the example photonic crystal ring resonator
6.3.1 Spatial beating due to symmetry of photonic dispersion relation
The resonant modes found away from the band edge all demonstrate a unique spatial beating
in their ﬁeld conﬁgurations. This beating is due to the symmetry of the photonic crystal
ring resonator’s dispersion relation about the photonic band edge. This symmetry allows for
a degenerate set of clockwise and counterclockwise propagating eigenmodes, corresponding to
wave vectors kx+ > 0 and kx− < 0, respectively. As discussed in Section 3.2, the set of
eigenfunctions of a Hermitian operator are complete. Accordingly, a standing wave eigenfunction
composed of a linear combination of the clockwise and counterclockwise propagating modes will
also satisfy the electromagnetic eigenvalue problem. Any mode found away from the band edge
can thus be represented either as a traveling wave or a standing wave. The linear combination
of the degenerate set of eigenfunctions can be described as:
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(a) Hz of the photonic band edge mode of the example photonic crystal ring resonator with λ = 1553
nm.
(b) |D|2 of the photonic band edge mode. The electric ﬁeld density is found concentrated in the high
refractive index material of the silicon core of the ring resonator.
Figure 6.6: The magnetic ﬁeld proﬁle and electric ﬁeld energy density of the PhCRR’s fun-
damental, band edge resonant mode.
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Hz ∝ ei(kx+x) + ei(kx−x) (6.3)
Combining Eq. (6.3) with Eqs. (5.3) and (5.1) allows us to represent the linear combination of
the degenerate set of eigenfunctions in terms of their mode numbers. For the N-even conﬁgu-
ration, we can quantify the clockwise propagating mode number as mkx+ = mBE + p and the
counterclockwise propagating mode number as mkx− = mBE - p (where p ∈ Z). Eq. (6.3) can




































An examination of Eq. (6.4) provides a deeper understanding of the spatial beating seen in
the resonant modes found away from the band edge. The exponential function represents the
ﬁeld conﬁguration of the fundamental band edge mode, while the cosine function modulates
the strength of the electromagnetic ﬁeld. The argument of the cosine depends on the integer p,
which quantiﬁes the displacement of the mode from the band edge. Note that for the N -even
conﬁguration, only an even number of nodes is allowed.
Our analysis can be expanded to include photonic crystal ring resonators composed of an odd
number of unit cells. Similar to the N -even conﬁguration, a PhCRR with an N -odd conﬁgura-
tion also possesses a symmetric dispersion relation about the band edge. The mode numbers of










Inserting Eq. (6.5) into Eq. (6.3) yields:
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(a) Hz of the dipole mode with λ = 1.560 nm.
(b) Hz of the quadrupole mode with λ = 1.581 nm.
(c) Hz of the hexapole mode with λ = 1.614 nm.
Figure 6.7: Magnetic ﬁeld conﬁgurations of the photonic crystal ring resonator’s modes for
the N -even conﬁguration.











We can again describe the ﬁeld conﬁgurations as the product of the band edge ﬁeld conﬁguration
and a modulating cosine function. Contrary to the N -even conﬁguration, however, Eq. (6.6)
only allows for an odd number of nodes (see Figure 6.8 for illustration).
6.3.2 Electric ﬁeld densities of higher order resonances
Due to the orthogonality requirements of eigenfunctions satisfying the electromagnetics master
equation, higher-order modes are required to decrease the concentration of their electric ﬁeld
densities in the high index material holes. The resulting electric ﬁeld densities for the ﬁrst three
higher-order modes of the photonic crystal ring resonator can be seen in Figure 6.9.
6.4 Source symmetry requirements
It can be observed that the nodes of the ﬁelds are slightly oﬀset from the xˆ- and yˆ-axes. This
can be explained by recalling the placement of the sources described in Section 6.1. The sources
are placed in a manner which creates an axis of symmetry which is oriented at a 4.5◦ angle
away from the xˆ-axis. If possible, ﬁeld conﬁgurations must respect the symmetry conditions
imposed by the sources. Because the sources used to excite the ﬁelds of our example PhCRR
are symmetric (i.e. identical), the magnetic ﬁeld conﬁgurations can be described as even3,
implying that [21]:
Hz(x, y) = Hz(−x,−y) (6.8)
3The magnetic ﬁeld, H transforms as a pseudovector under symmetry operations, as opposed to the electric
ﬁeld, E, which transforms as a vector. Consequently, an even mode for an electric ﬁeld is deﬁned as
E(r) = -E(-r) (6.7)
.
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(a) Hz of the monopole mode with λ = 1.555 nm.
(b) Hz of the tripole mode with λ = 1.600 nm.
(c) Hz of the pentapole mode with λ = 1.571 nm.
Figure 6.8: Magnetic ﬁeld conﬁgurations of the photonic crystal ring resonator’s modes for
the N -odd conﬁguration.
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(a) |D|2 of the dipole mode with λ = 1.560 nm.
(b) |D|2 of the quadrupole mode with λ = 1.581 nm.
(c) |D|2 of the hexapole mode with λ = 1.614 nm.
Figure 6.9: Electric ﬁeld densities of the ﬁrst three higher-order modes of the photonic crystal
ring resonator. Decreasing concentrations of the electric ﬁeld density are found in the high
index material holes as compared to the electric ﬁeld density of the fundamental mode.
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If the sources are anti-symmetric, signifying that they possess equal but opposite magnitudes,
the resulting magnetic ﬁeld conﬁguration will be odd4 with respect to the axis of symmetry.
An odd conﬁguration can be described as:
Hz(x, y) = −Hz(−x,−y) (6.10)
Figure 6.10 demonstrates the diﬀerent mode families which can be excited in our example pho-
tonic crystal ring resonator simply by adjusting the placement and symmetry of the excitation
sources. Here we have placed a set of symmetric and anti-symmetric sources in the centre of
the 1st and 21st periodic elements, creating an axis of symmetry about the yˆ-axis. For the sym-
metric conﬁguration, we ﬁnd that only the fundamental, quadrupole, and octapole modes are
excited, as they are the only modes that respect the even symmetry conditions imposed by the
symmetric set of sources. Alternatively, the anti-symmetric set of sources excites only the odd
modes (i.e. the dipole, hexapole, and decapole modes) of the photonic crystal ring resonator.
6.5 Geometric disorder
As mentioned in Section 6.2, a photonic crystal ring resonator will undergo optical losses due
to geometric disorder of the resonator. These losses can be attributed to two main mechanisms.
In practice, it proves impossible to fabricate perfectly smooth surfaces deﬁning the dielectric
interfaces of the PhCRR. Indeed, optical losses due to surface roughness are observed even
in our computational model due to the discretization of the computational grid. Section 6.5.1
will be dedicated to exploring the impact of surface roughness and its eﬀect on the resonator’s
quality factors.
Secondly, non-uniformity of the photonic crystal structure of the resonator breaks the
perfect periodicity of the PhCRR’s dielectric function. The consequences (both positive and
negative) of periodicity breaking will be further discussed in Section 6.5.2 .
4Again, the vector nature of the electric ﬁeld under symmetry operations requires an odd mode of an electric
ﬁeld to be represented as
E(r) = E(-r) (6.9)












(a) The location of current dipole excitation sources utilized to excite the PhCRR’s resonances. The
sources are placed in the centre of the 1st and 21st periodic elements, while the axis of symmetry of the
photonic crystal ring resonator is indicated by a dashed line.
(b) The even modes of a photonic
crystal ring resonator excited by a
symmetric pair of current dipole
sources.
(c) The odd modes of a pho-
tonic crystal ring resonator excited by
an anti-symmetric pair of current
dipole sources
Figure 6.10: The excited resonances of a photonic crystal ring resonator under even and odd
source symmetry requirements
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6.5.1 Surface Roughness
Fabrication techniques at the forefront of current manufacturing technologies have successfully
reduced fabrication-induced surface roughness to less than 2 nm RMS [39]. Despite these tight
fabrication tolerances, scattering of propagating electromagnetic waves in a photonic crystal
ring resonator will necessarily introduce optical losses to the system. It has been theoretically
and experimentally veriﬁed that backscattering losses due to the presence of scatterers on the
surface of a resonator scales as the square of the group index [18,40,41] in the slow light regime.
Recall from Eq. (4.4) that the group index of a material is inversely proportional to the group
velocity of a propagating wave; consequently, a slow light resonance possesses an extremely high
group index. Surface roughness induced losses thus present a substantial hurdle in the design
of slow light resonant modes.
To determine the eﬀect of surface roughness on the quality factors of our example photonic
crystal ring resonator, random scatterers are placed on the surface of the resonator and the
resultant quality factors are subsequently measured. For our example photonic crystal ring
resonator, we will model a surface roughness of approximately 3 nm along the edges of the
waveguide interfaces. Computational limitations prevent us from extending our analysis to
include roughness along the edges of the photonic crystal holes; the resulting calculated quality
factors will therefore be slightly higher than what can be expected in practice. As seen in Figure
6.11, all of the resonant modes demonstrate the predicted decrease in quality factors. However,
the eﬀect is most pronounced at the photonic band edge, resulting in a decrease of the quality
factors by a factor of nearly 80.
Moreover, backscattering mechanisms can signiﬁcantly alter the frequency response of a photonic
crystal ring resonator. Defects found on the surface of the PhCRR backscatter resonances,
arising in coupling between the propagating and counterpropagating modes [42]. This coupling
breaks the degeneracy of the propagating and counterpropagating resonances, resulting in a
splitting of the corresponding eigenvalues of each mode. Evidence of this process is found
through examination of the spectral response of a PhCRR with simulated surface roughness,
which exhibits a small, yet ﬁnite, splitting of frequency eigenvalues. Furthermore, because the
split modes now correspond to distinct eigenvalues, the ﬁeld conﬁgurations (or, equivalently,
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Figure 6.11: Quality factors of the resonant modes of the example PhCRR. The black circles
indicate the quality factors of the resonator when eﬀects due to surface roughness are neglected,
while the red triangles quantify the reduction in quality factors when a surface roughness of
scatterers of 3 nm in radius with a density of 2000 scatterers per micron is considered.
the eigenfunctions) must rearrange themselves so as to satisfy the orthogonality requirement
speciﬁed in Section 3.2.
In addition to the decrease in quality factors of the photonic band edge mode and modiﬁcation
of the spectral proﬁle of the PhCRR, the group velocity dispersion of the photonic crystal ring
resonator oﬀers key insights into the roughness induced obstacles facing slow light resonant
modes. The group velocity dispersion (Dλ) indicates the amount a light pulse will distort per




















(a) Splitting of the dipole degenerate modes due to surface-induced roughness of the photonic crystal
ring resonator
(b) Orthogonal magnetic ﬁeld conﬁgurations (Hz) of the dipole split mode
Figure 6.12: The spectral response and magnetic ﬁeld conﬁgurations for the dipole split mode
for a photonic crystal ring resonator with simulated scatterers of 3 nm in radius and a density
of 2000 scatterers per micron.














(a) Splitting of the quadrupole degenerate modes due to surface-induced roughness of the photonic
crystal ring resonator
(b) Orthogonal magnetic ﬁeld conﬁgurations (Hz) of the quadrupole split mode
Figure 6.13: The spectral response and magnetic ﬁeld conﬁgurations for the quadrupole split
mode.
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Figure 6.14b demonstrates the divergence of the group velocity dispersion of the PhCRR at the
photonic band edge. This indicates that a band edge resonant light pulse in a photonic crystal
ring resonator will be severely distorted due to the slow light eﬀects of the device.
The combined ramiﬁcations of increased optical losses, modiﬁcation of the spectral proﬁle of
the PhCRR, and the distortion of optical pulses due to surface roughness may outweigh the
enhancement of quality factors found directly at the photonic band edge. However, several
potential solutions exist which oﬀer promising resolutions to the problems in question. Recall
from Section 5.3 that the proposed design approach can be modiﬁed to place a resonant mode
of a desired wavelength not only at the photonic band edge, but in any region of the dis-
persion relation that is of interest. As a result, we have the capability to place our desired
resonance slightly oﬀset from the band edge, where the unfavourable eﬀects due to surface
roughness induced losses are lessened. It has been shown that roughness induced backscattering
is the dominant loss mechanism for group velocities lower than c100 , however these losses are
signiﬁcantly reduced away from the photonic band edge. Resonant modes exhibiting moderate
slow light behaviour (i.e. modes possessing group velocities on the order of c20) have optical
losses which scale linearly with group index [44]. It may thus prove possible to ﬁnd an optimal
trade-oﬀ between slow light enhancement of resonant modes near the photonic band edge and
optical losses due to the high group indices of said modes.
Furthermore, several research eﬀorts have achieved promising results in engineering slow light
regions of the photonic dispersion relation via anti-crossing of coupled modes [45, 46]. These
“loss-engineered” regions possess low group indices and group velocity dispersion parameters,
while maintaining slow light enhancement of resonant modes. In particular, mode coupling
between even and odd resonances has been achieved via group theory analysis [47]. Engineered
anti-crossing regions due to group symmetries may prove to be particularly interesting due to
the geometric properties of photonic crystal ring resonators. It remains to be seen whether the
modes of a PhCRR can be coupled in a manner which will allow for anti-crossing slow light
regions of the photonic dispersion curve which break the unfavourable association between slow
light and high optical losses and pulse distortion due to surface roughness.
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(a) Group index of the example photonic crystal ring resonator















(b) The group velocity dispersion (Dλ) of the example photonic crystal ring resonator
Figure 6.14: The group index and Dλ of the example photonic crystal ring resonator. Both
parameters diverge at the photonic band edge due to the zero group velocity of the slow light
resonant modes.
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6.5.2 Non-uniformity of photonic crystal lattice
Additional optical losses will be introduced into the system due to random geometric variations
in the photonic crystal hole lattice or waveguide thickness during fabrication [48]. In theory,
a break in the periodicity of the photonic crystal lattice renders our derivation of the design
approach in Section 5.2 ineﬀectual. Nevertheless, if we consider only small variations of the
periodic dielectric function, we can consider the non-uniformity of the photonic crystal lattice
as a small perturbation of the system, which will introduce optical losses into the system rather
than qualitatively alter our analysis of the mode structure of the photonic crystal ring resonator.
Optical losses due to non-uniformity of the photonic crystal lattice structure can be integrated
into our computational analysis by randomly altering the radius of the low index material holes.
Figure 6.15a demonstrates the eﬀect that increasing geometric variations of the photonic crystal
lattice have upon the quality factors of the photonic band edge mode. Variations as small as
1% are substantial enough to reduce the quality factor of the band edge mode by one order of
magnitude. It is thus necessary to select fabrication platforms which oﬀer high resolution and
low fabrication variations in order to produce high quality factor resonators. Certain fabrication
techniques have already been shown to fall within these tolerances [44].
Increasing geometric disorder can also lead to Anderson localization of the ﬁelds, as seen in
Figure 6.15 [49, 50] . It may, however, prove possible to utilize this localization of ﬁelds to our
gain. Engineering of the variation in the hole radius can provide control over this eﬀect, allowing
for the design of slow light nanocavity resonant modes possessing high-intensity localized ﬁelds
[51, 52].
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(a) Quality factors of the photonic crystal ring resonator as a function of the radius variation in the low
index material holes.
(b) Hz of the fundamental mode of the PhCRR
with a 1% radius variation of the low index
material holes.
(c) Hz of the fundamental mode of the PhCRR
with a 2.5% radius variation of the low index
material holes.
(d) Hz of the fundamental mode of the PhCRR
with a 5% radius variation of the low index
material holes.
(e) Hz of the fundamental mode of the PhCRR
with a 10% radius variation of the low index
material holes.
Figure 6.15: Anderson localization of the magnetic ﬁelds of the photonic crystal ring resonator
due to geometric variation in the radius of the photonic crystal holes
Chapter 7
Fabrication design proposal for
photonic crystal ring resonators
7.1 193 nm deep-UV lithography
Previous research eﬀorts have demonstrated the successful fabrication of photonic crystal ring
resonators on a silicon-on-insulator platform utilizing electron-beam lithography [33, 48]. Elec-
tron beam lithography provides high fabrication resolution, which allows for the precise manu-
facturing of sub-micron scale design features. However, electron-beam lithography oﬀers a low
throughput, making the fabrication process unsuitable for the mass-production of integrated
photonic circuits. Alternatively, optical lithography technologies are compatible with existing
electronics fabrication processes, allowing for straightforward upscaling of integrated photonic
circuit manufacturing [53, 54]. In particular, 193 nm deep-UV lithography has been demon-
strated to oﬀer high fabrication resolutions comparable to those of the electron-beam lithogra-
phy process [55,56]. Accordingly, we have opted to employ 193 nm deep-UV lithography for the
SOI fabrication of on-chip photonic crystal ring resonators. Utilizing deep-UV lithography will
allow us to not only experimentally conﬁrm the accuracy of our proposed design approach, but
to probe the suitability of deep-UV lithography for potential mass-scale fabrication of PhCRRs.
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Figure 7.1: The silicon-on-insulator fabrication platform. Three etch options are allowed,
including a full etch of 215 nm and two partial etches of 150 nm and 60 nm.
Design data has been submitted to the nano electronics research centre IMEC in Leuven, Bel-
gium via the Canadian Microelectronics Corporation (CMC), with a device delivery date an-
ticipated in late spring 2015. The IMEC facility utilizes a 200 mm silicon wafer with a 2000
nm buried-oxide layer of silicon dioxide. A 215 nm top layer of silicon oﬀers three diﬀerent etch
levels: a full etch of 215 nm and two partial etches of 150 nm and 60 nm.
This allows for the fabrication of a wide variety of devices, including strip waveguides, rib
waveguides, photonic crystal lattices, and ﬁber coupler gratings. Following etching of the silicon
layer, three cladding options are available. An air cladding device has no side or top oxide, while
a top oxide cladding device has a ﬁlling layer of silicon oxide in the etched regions and overlaying
the silicon layer. Finally, a side oxide option has a ﬁlling layer of silicon oxide cladding in the
etched regions with a top air cladding layer. In order to maximize the refractive index contrast
between the ring resonator and the photonic crystal hole lattice of our PhCRR, we have chosen
a full etch of the silicon layer with an air cladding.
When selecting design parameters for the on-chip implementation of a photonic crystal ring
resonator, several fabrication restrictions of the 193 nm deep-UV lithography manufacturing
process must be considered:
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(a) An air cladding SOI device with no side or top oxide layers.
(b) A top cladding SOI device with a SiO2 layer ﬁlling both the etched regions and
overlaying the silicon material.
(c) A side cladding SOI device with a SiO2 layer ﬁlling the etched regions and a
top air cladding layer.
Figure 7.2: The three cladding options available on the SOI platform.
















Figure 7.3: The minimum spacing requirements for a segment of a photonic crystal ring
resonator fabricated on an SOI platform. The drawn dimensions of features are indicated in
bold lines, while the actual, post-fabrication dimensions are indicated as dashed lines.
1. Dimensional bias:
The deep-UV lithography fabrication process slightly alters the post-fabrication dimen-
sions of devices. For example, a drawn photonic crystal lattice of lattice period a = 350
nm and hole radius of r = 120 nm will yield an actual photonic crystal lattice of approx-
imately a = 350 nm and r = 86 nm, resulting in a nearly 29% change of the lattice’s
ﬁlling factor. Consequently, biases must be applied to the dimensions of features during
the design process in order to preemptively account for these eﬀects.
2. Minimum width and spacing requirements:
Fabrication tolerances of deep-UV lithography limit the width and the minimum spacing
between full etch features to 150 nm. To prevent violation of the minimum spacing design
rule, a lattice period must be selected which allows for at least 150 nm between adjacent
photonic crystal holes. The added limitation of accounting for positive biasing of the
photonic crystal (PhC) holes further restricts the minimum lattice period allowed:
a = PhC hole diameter + (PhC hole bias× 2) + 150nm (7.1)
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Additionally, the minimum spacing restriction of full etch features dictates the minimum
allowable width of the photonic crystal ring resonator:
w+waveguide width bias = PhC hole diameter+(PhC hole bias×2)+(150nm×2) (7.2)
Equation (7.2) highlights the fact that the minimum spacing requirements between full
etch features must be considered twice to account for spacing between both the interior
and exterior edges of the ring resonator and the photonic crystal hole. As opposed to the
photonic crystal lattice, however, the actual dimensions of a full etch waveguide are often
smaller than the drawn dimensions, which slightly alleviates the restrictions placed on the
width of the high refractive index ring resonator.
7.2 Three-dimensional MPB and MEEP simulations
Recall from Chapter 5 that the ﬁrst step in our design approach is to model the dispersion curve
of a photonic crystal waveguide. The resultant band edge dimensionless frequency is then scaled
to the desired resonant wavelength by adjusting the magnitude of the lattice period. In order
to select highly accurate design parameters, three-dimensional simulations were conducted to
improve the precision of the design approach. A photonic crystal waveguide of refractive index
nSi = 3.518 and thickness t = 215 nm with air holes of nair = 1.00 was modelled using the
MIT Photonic Bands software. The PhC waveguide was placed on a silicon dioxide substrate
of thickness tsub = 2a and refractive index nSiO2 = 1.44.
A Python design script was utilized which uses an iterative approach to scale the dimensionless
frequency of a speciﬁed waveguide geometry to the resonant wavelength of choice. For the
design under consideration, we targeted a width of w = 1.25a, a target band edge resonance of
λ = 1.550 nm and a ﬁlling factor of 0.25a. A large number of 3-D simulations were conducted
in order to isolate design parameters which would respect the design restrictions imposed by
Eqs. (7.1) and (7.2). As can be seen in Table 7.1, the lattice constant required to scale the
dimensionless frequency of a photonic crystal waveguide to the desired resonant wavelength of λ
= 1550 nm decreases with increasing waveguide width. Furthermore, for a constant waveguide
width, the lattice constant decreases with decreasing ﬁlling factor. It thus proves diﬃcult to
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(a) The three-dimensional dielectric proﬁle of three unit cells of the simulated photonic crystal
waveguide on a silicon dioxide substrate. The scale bar indicates the strength of the dielectric
constant, (r) of the materials. (Recall n(r) =
√
(r)).
(b) A lateral slice of the Hz ﬁeld proﬁle
for the ﬁrst photonic band of the three-
dimensional photonic crystal waveguide.
The lateral slice is taken from the centre
of the silicon photonic crystal waveguide
(i.e. where tSi = 0.316a with respect to
the silicon dioxide substrate).
(c) A lateral slice of the electric ﬁeld
density for the ﬁrst photonic band of the
three-dimensional photonic crystal waveg-
uide. The lateral slice is taken from
the centre of the silicon photonic crystal
waveguide (i.e. where tSi = 0.316a with
respect to the silicon dioxide substrate).
Figure 7.4: Three-dimensional MEEP representations of the silicon photonic crystal waveg-
uide’s dielectric proﬁle, magnetic ﬁeld proﬁle, and electric ﬁeld density. The unit cell is composed
of a silicon photonic crystal waveguide of lattice constant a, thickness tSi = 0.632227a, width
w = 1.3a, and hole radius r = 0.242857a. The photonic crystal waveguide is placed on a silicon
dioxide buried-oxide layer of thickness tBOX = 2a with an air cladding. The refractive indices
of the silicon and silicon dioxide are nSi = 3.518 and nSiO2 = 1.4409 respectively.











1.0 376 376 0.1 38
1.0 383 383 0.2 77
1.0 408 408 0.3 122
1.0 475 475 0.4 190
1.25 427 342 0.1 34
1.25 435 348 0.2 70
1.25 448 367 0.3 110
1.25 526 420 0.4 168
1.5 484 323 0.1 32
1.5 490 326 0.2 65
1.5 514 343 0.3 103
1.5 585 390 0.4 156
Table 7.1: Various design parameters for a photonic crystal ring resonator on an SOI platform
with a photonic band edge resonance at λ = 1550 nm.
ﬁnd a set of design parameters which will simultaneously satisfy the minimum spacing design
restrictions. As the width of the waveguide increases, Eq. (7.2) is easily satisﬁed. However, the
lattice constant must necessarily decrease in order to properly scale the dimensionless band edge
frequency to 1550 nm, resulting in increasing violations of Eq. (7.1). In addition, increasing the
width of the waveguide increases the risk of introducing higher-order modes into the waveguide.
The ﬁnal design parameters selected for the on-chip testing of photonic crystal ring resonators
are a = 348 nm, w = 1.3a = 452 nm, ff = 0.242857, and r = 85 nm. These parameters
were selected due to the fact that they simultaneously minimized violation of the two spacing
restrictions, yielding spacing values between adjacent PhC holes and the PhC hole and ring
resonator edges of 141 nm and 178 nm, respectively. Taking into account the design biases
required for the width of the waveguide and the radius of the photonic crystal holes, the drawn
dimensions were adjusted to w = 462 nm and r = 120 nm.
As per our proposed design approach, Eq. (5.1) was applied to calculate the number of lattice
periods required to construct the photonic crystal ring resonator. In order to investigate the
limitations of miniaturization of the on-chip photonic crystal ring resonators, we have opted to
design multiple PhCRRs of various diﬀerent diameters. Due to the decreased radius of curvature,
it is expected that reduction of the PhCRR’s radius below 2.5 μm will lead to signiﬁcant optical
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losses. As a result, we have chosen to construct PhCRRs of diameters 5, 10, 20, 30 and 40 μm.
The exact radius and number of lattice periods for each ring can be found in Table 7.2.






Table 7.2: Exact diameter and number of lattice periods for the proposed on-chip photonic
crystal ring resonators
To probe the spectral response of the designed photonic crystal ring resonator, three-dimensional
time-domain simulations were conducted using the MIT Electromagnetics Equation Propagation
software. Due to limited computational resources, only 3D simulations for the 5 μm PhCRR
were carried out. To further reduce computational times, the simulations were run at low
resolutions, with a simulation grid resolution of ∼50 nm. A broadband pulse of 1 μm was
centered at 1550 nm and the excitation sources were once again placed in the centre of the ﬁrst
and second periodic elements. Once the sources had decayed to negligible values, the simulation
was allowed to run for 1000 MEEP time units. The spectral response was then analyzed using
both Fourier analysis and the Harminv harmonic inversion algorithm. As can be seen in Figure
7.5b, the photonic band edge resonance was found at λ = 1548 nm.
7.3 Proposed scheme for on-chip testing
The ﬁnal design proposal for the SOI on-chip testing of photonic crystal ring resonators can
be seen in Figure 7.6. The red regions represent a silicon ring resonator composed of a ridge
waveguide with a full etch of the surrounding silicon material. The photonic crystal holes are
seen as pink circles; the interior of the circles designate full etch regions of the silicon ring
resonator. Each photonic crystal ring resonator is placed on a “no ﬁll” region, seen here in blue.
In general, unused regions of the silicon wafer are ﬁlled with dummy structures which allow for
density control of the microchip’s features. However, reﬂections oﬀ of the dummy structures
may adversely aﬀect the performance of the device. Consequently, placing “no ﬁll” regions
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(a) The three-dimensional dielectric proﬁle of the 5.096 μm diameter PhCRR. The strength of the
dielectric constant, (r), is equivalent to that of Figure 7.4a. The PhCRR is composed of a silicon layer
of thickness 215 nm with a lattice period of 348 nm, a width of 452 nm, and photonic crystal air holes
of radius 85 nm. The PhCRR is placed on a silicon dioxide substrate of thickness 696 nm.a
aWhile in practice, the thickness of the silicon dioxide substrate is equal to 2000 nm, a BOX substrate thickness
of ∼ 2 lattice periods is suﬃcient for simulations.











(b) The spectral response of the 5.096 μm diameter PhCRR computed via the harmonic inversion
algorithm program, Harminv.
Figure 7.5: The dielectric proﬁle and spectral response resulting from the three-dimensional
MEEP simulation of a 5.096 μm diameter photonic crystal ring resonator.
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around the active regions of the microchip can minimize the risk of unfavourable interactions
between the device and dummy structures. Yellow labels are placed near each PhCRR in order
to facilitate the identiﬁcation of each resonator during testing.
7.3.1 Fiber grating couplers
Our design allows for two separate on-chip testing schemes. Firstly, photonic crystal ring res-
onators are placed in close proximity to a curved silicon waveguide of width 450 nm. The
photonic crystal ring resonator can couple to the waveguide’s guided modes via interaction be-
tween the waveguide’s evanescent ﬁelds and the mode proﬁles of the PhCRR1. In principle, light
can be inserted into the microchip via use of a single-mode optical ﬁber (SMF). However, cou-
pling light directly into a silicon waveguide proves diﬃcult due to the large mismatch between
the SMF mode and the waveguide mode, resulting in high optical losses. One solution to this
problem is use of a grating ﬁber coupler [57]. A grating ﬁber coupler utilizes a Bragg grating
to vertically couple to out-of-plane SMF modes. In order to minimize unfavourable second-
order reﬂections that occur between the SMF and the grating coupler when the ﬁber is oriented
perpendicular to the Bragg grating, the ﬁber is oriented at a slight angle from the normal plane
of the Bragg grating. Once light is coupled into the grating coupler, an adiabatically tapered
waveguide is utilized to convert the inserted mode into a silicon waveguide mode with minimal
optical losses.
We have made use of this technology by placing an input and output grating ﬁber coupler
at either end of the curved waveguide. The ﬁber grating coupler utilized in our silicon mi-
crochip design is distributed with the IMEC SOI design kit and is optimized for the coupling
of transverse-electric modes at 1550 nm. The grating coupler has a 30 nm bandwidth and a
10 degree insertion angle with respect to the surface normal direction of the microchip. The
spectral ﬁngerprint of each photonic crystal ring resonator will be determined by comparing the
spectral proﬁles of the input and output channels; for each resonance of the PhCRR, we can
expect a drop in transmission at the output grating coupler.
To facilitate ease of on-chip testing of the photonic crystal ring resonators, the ﬁber grating
couplers have been equidistantly spaced a distance of 127 μm apart. The input and output
1See Appendix A for more information detailing coupling of waveguides and PhCRR’s via evanescent ﬁelds.
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(a) Final design proposal for the SOI on-chip testing of photonic crystal ring resonators
(b) A photonic crystal ring resonator of diameter d = 5 μm with a 450 nm wide silicon coupling waveguide
and input ﬁber grating coupler port.
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(c) A close-up of a photonic crystal ring resonator of diameter d = 5 μm and a 450 nm wide silicon
coupling waveguide.
(d) A standalone photonic crystal ring resonator of diameter d = 40 μm photonic crystal ring resonator
for on-chip testing via tapered optical ﬁbers.
(e) Photonic crystal ring resonators of diameters d = 30 and 40 μm and their equivalent ring resonators.
The PhCRRs and RRs are placed in close proximity to the coupling waveguides for on-chip testing via
ﬁber grating couplers. The input and output grating couplers are placed 127 μm apart for use with a
ﬁber array.
Figure 7.6: Submitted design data for the SOI fabrication of photonic crystal ring resonators
via 193 nm deep-UV lithography.
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Figure 7.7: A ﬁber grating coupler consisting of a partially etched Bragg grating in a silicon
waveguide. The optical ﬁber is coupled to the Bragg grating and placed slightly oﬀ axis with
respect to the normal plane of the Bragg grating in order to prevent second-order reﬂections.
The inserted mode is converted via an adiabatic taper of the silicon waveguide.
grating coupler channels can now be measured via use of a ﬁber array. A ﬁber array positions
an ensemble of parallel optical ﬁbers with a periodicity equal to the spacing of the on-chip
grating couplers. It thus allows for the precise, sub-micron positioning of multiple optical ﬁbers
with respect to the input and output channels of the silicon waveguides. To experimentally
conﬁrm the slow light enhancement of quality factors, standard ring resonators of 5, 10, 20, 30
and 40 μm have been added to the microchip for comparative purposes.
7.3.2 Tapered optical ﬁbers
Our second testing scheme makes use of tapered optical ﬁbers. A tapered optical ﬁber is
fabricated by gradually heating and stretching a standard optical ﬁber. The stretching process
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Figure 7.8: A tapered optical ﬁber. The diameter of the ﬁber is adiabatically tapered from
∼ 125 μm to ∼ 1 μm, reducing the mode mismatch between the optical ﬁber and the photonic
crystal ring resonator. The evanescent ﬁeld of the tapered region is utilized to transfer high
optical power to the PhCRR.
is designed so as to adiabatically taper the diameter of a standard optical ﬁber from ∼ 125 μm
to a few microns in diameter [58]. The small dimensions of the tapered ﬁber’s waist results in
increased mode matching between the optical ﬁber and a silicon photonic crystal ring resonator,
allowing for direct coupling. The tapered optical ﬁber produces a strong evanescent ﬁeld that,
when brought into close proximity with the PhCRR, can overlap with the ﬁeld proﬁles of the
resonator’s modes. The greater the overlap between the mode proﬁles, the stronger the coupling
between the tapered ﬁber and the resonator. Tapered ﬁbers oﬀer one main advantage over use
of grating couplers: the mode match between the evanescent ﬁeld of a tapered ﬁber and that of a
silicon waveguide allows for highly eﬃcient optical coupling between the ﬁber and waveguide [59].
Increasing power transfer to the photonic crystal ring resonator opens up the possibility for the
observation of non-linear eﬀects [60]. To allow for the testing of on-chip photonic crystal ring
resonators via tapered optical ﬁbers, multiple stand-alone PhCRRs and their equivalent ring
resonators have been placed on the microchip.
Local variations of up to ±10 nm may occur in the thickness of the silicon layer during the
deposition fabrication process. Such a variance will result in a change in the eﬀective refractive
indices of the silicon ring resonator and photonic crystal lattice of air holes., causing a shift in
the resonances of the designed PhCRRs. In order to account for these shifts, we have placed
multiple occurrences of each photonic crystal ring resonator on the microchip to increase the
likelihood of detecting a photonic band edge resonant mode at λ = 1550 nm. This will also
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allow us to probe the suitability of 193 nm deep-UV lithography for the mass-scale fabrication
of photonic crystal ring resonators by establishing the reproducibility of identical devices.
Chapter 8
Conclusions and outlook
There are currently several areas of research regarding the spectral features of photonic crystal
ring resonators that require further investigation, including:
1. Exploration of PhCRR group symmetries: In our simulations, splitting of the de-
generate quadrupole mode was more pronounced than for any other mode of the photonic
crystal ring resonator. Further examination of the PhCRR’s spectral response is needed
to account for our observations. It is suspected that the group symmetries of the photonic
crystal ring resonator’s dielectric structure may be the underlying cause of these eﬀects.
Simulations of photonic crystal ring resonators possessing alternative group symmetries
will allow for further analysis of this hypothesis.
2. Engineered zero-dispersion photonic crystal ring resonators: An investigation of
the group symmetries of the photonic crystal ring resonator may also shed light on how
precisely these symmetries can be utilized to engineer anti-crossing regions of the photonic
dispersion relation via mode coupling. Such an anti-crossing region would possess a “ﬂat-
band” region of the device’s group index, signifying a negligible group velocity dispersion
parameter. An alternative approach to engineering zero-dispersion devices is via coupling
of two or more photonic crystal ring resonators. Recall that the group velocity dispersion
parameter is deﬁned as Dλ = −2πcλ2 d
2k
dω2
. As a result, clockwise and counterclockwise prop-
agating resonant modes of a PhCRR possess group velocity dispersion parameters which
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Chapter 8. Conclusions and outlook 95
are equal, but opposite, in magnitude (refer to Figure 5.4). If the clockwise and coun-
terclockwise propagating modes can be independently excited in two separate PhCRRs,
coupling of the devices could nullify the distortion of a propagating optical pulse.
3. Alternative fabrication platforms and devices. To increase the versatility of the
proposed design approach, it is ﬁtting to explore alternative fabrication platforms and
materials which might be utilized to manufacture slow light resonators. In particular, the
epitaxial growth of nanopillars could potentially be used to generate a ring of nanopillars
possessing comparable spectral features as those of a PhCRR. To further generalize, the
proposed design approach might be applied to any nanostructure possessing a periodic
dielectric function and ring-like structure, given that the absorption coeﬃcients of the
constituent materials can reasonably be neglected.
In closing, this thesis has presented a theoretical analysis of the photonic crystal ring resonator.
We have analyzed the unique spectral features of the PhCRR, including the non-uniform spacing
of adjacent modes and the frequency cutoﬀ of resonances due to the bounded nature of the
photonic dispersion relation. Additionally, disorder-induced phenomena, such as mode splitting
and Anderson localization of electric ﬁelds, were explored.
A design approach was proposed that allows for the selective positioning of the PhCRR’s reso-
nant modes of a chosen wavelength along any region of the photonic dispersion relation that is
of interest. In particular, slow light resonant modes were targeted by placing resonances directly
at the photonic band edge of the photonic dispersion relation. Computational methods were
employed to demonstrate the slow light enhancement of the resonances’ quality factors. The
ﬁeld conﬁgurations of the resonant modes were examined and an analysis of the spatial beating
found in higher-order modes was presented.
Simulations demonstrated that band-edge modes possessing high second- and third-order dis-
persion parameters are highly susceptible to optical losses stemming from fabrication induced
surface roughness and geometric variations in the photonic crystal lattice. To combat the
unfavourable optical losses found in slow light resonances at the photonic band edge, several
possible solutions were discussed. It was demonstrated that the design approach could be mod-
iﬁed to place the resonances of the PhCRR slightly away from the photonic band edge, where
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surface induced optical losses are reduced. In addition, fabrication of “anti-crossing” regions of
the dispersion relation which possess low group velocity dispersion parameters were discussed.
Finally, a design proposal for the SOI fabrication of photonic crystal ring resonators was outlined.
The design will allow for the experimental conﬁrmation of the validity of the proposed design
approach and will furthermore supply valuable information concerning the suitability of 193 nm




In Section 2.1, we discussed the phenomenon of total internal reﬂection and how the energy of
an electromagnetic wave is completely reﬂected at a dielectric interface when the propagating
wave and dielectric materials in question satisfy certain conditions. Notwithstanding the total
conﬁnement of the wave’s energy to the high refractive index material, a portion of the elec-
tromagnetic ﬁeld is allowed to penetrate the dielectric interface and propagate into the lower
refractive index material [14].
In Figure A.1, we consider a plane wave of the form ei(k·r) propagating through the high refrac-
tive index material, n1. Upon traversal of the dielectric interface, the change in refractive index
of the material seen by the propagating wave necessarily causes a change in the photon’s wave







Alternatively, the reﬂected wave does not experience a change in refractive index. As a result
the wave vector of the incident wave is equivalent to that of the reﬂected wave, implying:
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Figure A.1: The xˆ and yˆ components of the transmitted wave vector, k′
θI = θR (A.2)
Using Snell’s Law (Eq. (2.1)) and equating the reﬂected and incident angles, the ratio of the
refractive indices of the two materials forming the dielectric interface can be expressed as a ratio







Recall that for total internal reﬂection to occur, we must require that n1 > n2. We now consider
the case when the incident angle, θI is greater than or equal to the critical angle, deﬁned as
θC = sin












⇒ sin(θT ) ≥ 1
(A.4)
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We see immediately that the sine of the transmitted angle must be greater than 1. This implies
that the transmitted angle is a complex value, consisting of both a real and imaginary part.
In order to fully describe the behaviour of the transmitted wave, we must determine the com-
ponents k′x and k′y. In terms of the complex transmitted angle, θT , the xˆ and yˆ-components of
the transmitted wave vector can be expressed as:
k′x = |k′| cos (θT ) (A.5a)
k′y = |k′| sin (θT ) (A.5b)
The component k′y is easily described in terms of the incident and critical angle of the electro-
magnetic wave. We ﬁrst insert Snell’s law into Eq. (A.5b), yielding:




We can then use the deﬁnition of the critical angle to express the yˆ-component of k’ as:




To ﬁnd the xˆ-component of k’, we must apply the trigonometric relationship cos2(θ) = 1−sin2(θ)
to Eq. (A.5a). Recall that for n1 > n2, the sine of θT must be greater than 1, implying that
cos(θT ) must be imaginary. As a result, we ﬁnd:















Inserting Eqs. (A.8) and (A.7) into Eq. (A.1), we ﬁnd an expression describing the propagation
of the transmitted wave in the low refractive index material.





This equation describes a plane wave propagating parallel to the plane of the dielectric boundary
that is modiﬁed by a decaying exponential function. The decay will cause the transmitted
wave to attenuate to negligible values within a few wavelengths of distance perpendicular from
the dielectric interface. This ﬁeld is known as an evanescent wave and is crucial in our
understanding of waveguide coupling. As discussed in Section 7.3, our fabricated photonic
crystal ring resonator device will utilize a ﬁber grating coupler to inject light into the PhCRR.
In order for light to couple from the grating coupler waveguide into the resonator, the evanescent
ﬁeld of the waveguide must be placed in close enough proximity to the ring resonator so that
the mode proﬁles of the waveguide’s evanescent ﬁeld might overlap with the mode proﬁles of
the PhCRR’s resonances. An overlap of the mode proﬁles will allow electromagnetic waves to
pass from the waveguide into the resonator.
Figure A.2b shows how the transmitted power from the waveguide to the resonator increases with
a decreasing evanescent gap (indicated here as the parameter g). While ultimately the coupling
between waveguide and resonator increases for an evanescent gap < 150nm, the resolution of
the deep-UV lithography fabrication process limits us to a minimum value of g = 150nm.
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
(a) A photonic crystal ring resonator and a coupling waveguide. The high and low
refractive index materials are indicated in black and white, respectively. The evanescent
gap between the coupling waveguide and the PhCRR is indicated by the parameter g.




















) g = 130 nm
g = 150 nm
g = 225 nm
g = 350 nm
(b) The transmission spectrum of the coupling waveguide. Dips in transmission can
be seen where the waveguide mode is coupled into the photonic crystal ring resonator
(indicating a resonance of the PhCRR). The strength of the coupling increases with a
decreasing evanescent gap.
Figure A.2: The dielectric proﬁle and transmission spectra resulting from a 2-D MEEP sim-
ulation of a photonic crystal ring resonator and an accompanying coupling waveguide
Appendix B
Derivation of the propagation
constant
To derive an expression for β, we ﬁrst consider the electromagnetic wave described in Sec-
tion2.3.1:
Ez(x, t) = Eze
−i(kxx−ωt) (B.1)









When applying the wave equation to the electromagnetic wave under consideration, we see u
describes the zˆ-component of the electromagnetic wave, Ez, while v denotes the velocity of the
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where r and μr are the relative permittivity and permeability of the material and 0 and μ0

















Recall from Section 2.3.1 that the wave vector, kx, can be expressed in terms of a real and
imaginary part, k = β− iα2 . As we have assumed that the absorption properties of the materials
in question are negligible, we set α equal to zero. If we then apply the relations ω = 2πcλ ,
c = 1√0μ0 , and n =
√
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